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Abstract. A monadic second-order language, denoted by L£d, is intro-
duced for the specification of sets of timed state sequences. A fragment
of Ld, denoted by Eﬁ, is proved to be expressively complete for timed
automata (Alur and Dill), i.e., every timed regular language is definable
by a £ formula and every £ formula defines a timed regular language.
As a consequence the satisfiability problem for £d is decidable.

Timed temporal logics are shown to be effectively embeddable into it
and hence turn out to have a decidable theory. This applies to TT..
(Manna and Pnueli) and EMITT.,, which is obtained by extending the
logic MITT., (Alur and Henzinger) by automata operators (Sistla, Vardi,
and Wolper).

For every positive natural number &k the full monadic second-order logic
Ld and Ld are equally expressive modulo the set of timed state sequences
of variability < k. Therefore the Ld-theory of the set of timed state
sequences of variability < & is decidable.

Introduction

Timed state sequences are widely accepted as a model of real-time computations
of finite state systems, and sets of timed state sequences are used to model the
behaviour of such systems [18] [9].

There are two main formalisms commonly used to define sets of timed state
sequences: timed automata and variants [5] [19] [17] on the one hand, and tem-
poral logics [6] [10] [15] on the other hand. The former are modelled on physical
systems, the latter are used for specification. Timed automata have been exten-
sively used to show that certain theories of the set of timed state sequences are
decidable and to prove the decidability of model checking problems [6] [2] [1]
[10] [4]. These results are based on the decidability of the emptiness problem for
timed automata [4].

In this paper we investigate the possibilities of defining sets of timed state se-
quences by monadic second-order logics. We present a monadic second-order logic

* This paper was written during the author’s stay at T.aboratoire Bordelais de
Recherche en Tnformatique (T.aBRI). The presented results are part of the author’s
dissertation [24].



which is expressively complete for timed automata. The first result of this kind
an equivalence between recognition by automata and definability by monadic
second-order formulas  was obtained by Biichi in 1960 when he showed that a
set, of finite words is regular (recognized by a Rabin-Scott automaton) if and
only if it is defined by a monadic second-order formula in a suitable signature
[12]. Similar results for infinite words, trees, (Mazurkiewicz-)traces, etc. followed
[13] [23] [16].

The main obstacle for obtaining an analogous result in the case of timed
automata is that the class of sets of timed state sequences defined by timed
automata 1s not closed under complementation; thus there is no hope to find
a full monadic second-order logic being complete for timed automata. Instead
we use a fragment of a suitable monadic second-order language. Tt is called the
monadic logic of relative distance, and is denoted by £d; the full monadic logic
is denoted by Ld.

Since the transformation between timed automata and £d formulas is effec-
tive, we can use the decidability of the emptiness problem for timed automata
to show the decidability of the satisfiability problem for o

This result is useful from the following point of view. Tf we are given a (tem-
poral) logic £ for the specification of sets of timed state sequences and we want
to show that the L-theory of the set of timed state sequences is decidable we
only need to establish an effective translation of £ into £d that preserves logical
equivalence. We give two examples of this kind: the logic TTp introduced by
Manna and Pnueli [20] and an extension of the metric temporal interval logic
MITT, with past operators [10]. The latter is denoted by EMTTT,, (extended
metric interval temporal logic with past operators) and obtained from MTTT., by
adding automata operators (cf. the work by Wolper [25] and Sistla, Vardi, and
Wolper [26]). Automata operators allow, for instance, to express a property such
as “every stimulus p is followed by a response ¢ and, then, by another response
r within 5 time units of the stimulus p” which is not known to be expressible
in MITL,. For other reasons, it is clear that EMITL, subsumes properly both
MITTL, and TLp.

We are also interested in what happens when £Tis only interpreted in timed
state sequences with a fixed bounded variability. We show that one obtains
closure under negation (complementation), which implies that in this case o
and Ld are of the same expressive power and that the corresponding Ld-theory
is decidable.

In the first three sections we present the basic definitions and main results.
In Sect. 4 T proof sketches are given, Sect. 8 discusses alternative models of real-
time computations.

We conclude this introduction with a short review of the notions of time
sequence and timed state sequence. A time sequence t 1s a strictly increasing,
divergent sequence t = tq,%,... of real numbers starting with 0. Every ¢; is
called a position. A set P of propositions is a non empty finite set. A subset of
a set P of propositions is called a P-state.

Throughout the paper we fix a set P of propositions.
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A timed state sequence T over P is a pair (s,t) consisting of an infinite
sequence s — 8g, S1, 82, . . . of P-states and a time sequence t. The set of positions
of t is denoted by pos(r). The set of all timed state sequences over P is denoted

by TSS(P).

1 Monadic Logic and Timed Automata

The signature X(P) contains the symbol <, for every proposition p a unary
predicate Q,, and for every natural number ¢ and every relation symbol ~ €
{=,#,<,>,<,>} a binary distance predicate d(.,.) ~ c.

The language of the monadic logic of distance over P is the monadic second-
order language in the signature Z(P). Tt is denoted by L£d(P). Variables for
elements of the universe of a structure are denoted by small letters and variables
for subsets of the universe by capital letters. As usual, we write Xz for “x is
element of X7.

An atomic formula of the form d(x, y) ~ ¢ is called distance formula.

With every timed state sequence 7 = (s,t) over P we associate a Y(P)-
structure 7 (F)_ Tts universe is the set of positions of t, the symbol < is inter-
preted by the natural order of the reals (restricted to the universe), for p € P
the predicate Q, is interpreted by {#; | p € s;}, and for every natural number ¢
and every relation symbol ~ as above the interpretation of d(.,.) ~ ¢ contains
the pair (t;,%;) if [t; — ;] ~ ¢ and i < j hold.

For notational simplicity we identify = with #¥(P) and TSS(P) with the set
{r¥P) | 7 € TSS(P)}.

We adopt the convention that ‘equivalence’ stands for equivalence modulo
TSS(P) and ‘satisfiability’ means satisfiability in TSS(P).

Unrestricted use of distance predicates leads to an undecidable theory:

Theorem 1 (Alur & Henzinger [11]?). The theory of TSS(P) in the first-
order fragment of LA(P) is undecidable.

The halting problem for Turing machines (or two counter machines) can
be reduced to the validity problem of £Ld(P) for two reasons: first, there is no
bound on the number of positions that can be put into intervals of length one,
i.e., an arbitrary amount of information can be stored in an interval of length
one, such as a configuration of a Turing machine. Second, the distance predicate
d(2,y) = 1 allows to describe correspondences between positions in adjacent
intervals of length one, in particular, one can describe that the positions in
an interval of length one encode a Turing machine configuration that is the
predecessor of the configuration encoded by the interval that borders on the left.

Tn this paper we are interested in a fragment of Ld(P) that has a decidable
satisfiability problem. In this fragment the use of distance formulas is restricted
(which, in fact, will rule out the possibility of describing correspondences between
adjacent intervals).

2 In [11] the result is phrased for a two-sorted logic, but it transfers immediately to
our situation.
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For every&%]a,tion symbo]f_\; as before and every natural number ¢ consider
the formulas d(X, 2) ~ ¢ and d(2, X) ~ ¢ defined by

X, 2)~e 2 o

y(y< 2 AXyA-TY(y<y <axAXy)Ad(z,y) ~c)

and

Fa, X) ~e 2 o)

Fy(r <y AXyA-T' (e <o’ <yAXa)Ad(x,y) ~c).

The so-called past formula (1) is read as follows: “there exists a position less
than xz and belonging to X and the distance between the greatest such position
and z satisfies ~ ¢.” Similarly, the future formula (2) is read: “there exists a
position greater than x and belonging to X and the distance between the least
such position and x satisfies ~ ¢.”

The formulas (1) and (2) are called relative distance formulas.

Now, the set ﬁﬁ(P) of the monadic logic of relative distance over P contains
the Ld(P)-formulas of the form IXy...3X,,_1¢ where ¢ is built from Qpx,
x < v, Xm,ﬁ()(i, x)~e, a,ndﬁ(m, X;) ~ ¢ with i < m using boolean connectives,
quantification of first-order and set variables except for Xq, ..., X, 1.

Note that universal quantification of set variables 1s still allowed in [ﬁ? Py,
provided the quantified variable is not used as an argument of a relative distance
formula.

Tf ¢ is a Ld(P)-sentence, then ¢ defines a set Lp(¢) C TSS(P) as follows:

Lo(6) = {r € TSS(P) | 7 |- 6}
We say that L.p(¢) is defined by ¢.

The fundamental result of the paper is a characterization of the sets definable
by E?(P)fformulas in terms of timed automata.

In the following we refer to timed automata as introduced in [4]. For the
reader’s convenience, we briefly review the basic notions concerning timed au-
tomata.

Tet A be a finite alphabet. A timed word over A is a pair (a,t) where t is a
time sequence and a an infinite sequence of letters of A. A timed language over
A'is a set of timed words over A. Notice that if A = p(P), then TSS(P) is the
set, of all timed words over A and a timed language over A is a subset of TSS(P).

A timed automaton 2 over A is a tuple (@, C, ¢o, A, F) consisting of a finite
set Q of locations?, a finite set C of clocks, an initial location ¢y € @, a finite
transition relation A, and a set F© C @ of final locations. An element of the
transition relation is of the form (q,a,¢, M, q"), where ¢ and ¢’ are locations, a
is a letter, ¢ is a boolean combination of atomic formulas of the form ¢ ~ d for
some clock ¢ € ' and some natural number d, and M is a subset of (.

* Traditionally, this set would be called a ‘state set’, but ‘states’ already occur in the
definition of a timed state sequence.
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A run of 2 on a timed word (a,t) is given by an infinite sequence o =
o0, 01,09, ... of transitions of A with o; = (g;,a;, ¢;, M;, g;11). The sequence
o defines sequences vy, vy, va, ... and vf, v, v, ... of functions ¢ — R. by the
following rules: vo(c) = 0 for every ¢ € C, vi(c) = vi(e) + (t;11 — 1;) for every
c € C, vipr(c) =0 for every ¢ € M;, and vi14(¢) = v} for ¢ € C'\ M;. The run is
consistent if v/ satisfies ¢; for every i, and it is accepting if it is consistent and
if there exist an infinite number of ¢ with ¢; € F.

Tf 2 is a timed automaton over A, then L(2) denotes the timed language
recognized by 2, i.e., the set of all timed words over A for which there exists an
accepting run of 2. A Ld(P)-sentence ¢ and a timed automaton 2l over p(P)
are called equivalent, if 2 recognizes the same language as defined by ¢.

A set of timed words over A is called a regular timed language 1f it 18 recog-
nized by a timed automaton.

Theorem 2. A subset of TSS(P) is defined by a [ﬁ}(P)—sentence if and only if
it is recognized by a timed automaton over p(P), i.e., if il is a timed regular
language over p(P).

In addition, there exist effective procedures that transform a [ﬁ}(P)—sentence
into an equivalent timed automaton over p(P) and a timed automaton over p(P)

mto an equivalent [ﬁ?P)—sentence.

In other words, timed automata and the monadic logic of relative distance
have the same expressive power.

From [4] it is known that the emptiness problem for timed automata is de-
cidable. This allows us to check whether a formula ¢ = AXY(X,Y,x) of the
monadic logic of relative distance 1s satisfiable in a timed state sequence: first
take y = IX Y Izep, then build a timed antomaton A with L(2) = Lp(x) (using
the above theorem), and finally check emptiness for 20 (using the result of [4]).
If the answer to the test is “no”, ¢ is satisfiable, if the answer is “yes”, ¢ is not,
satisfiable.

Corollary 3. For ﬁﬁ(P) the satisfiability problem is decidable.

Recall that E?(P)fformulas are only interpreted in structures associated with
timed state sequences. Therefore the satisfiability problem for ﬁﬁ(P) is the prob-

lem of deciding whether for a given E?(P)fformula, ¢ there exists 7 € TSS(P)
and a variable assignment v such that (r,v) | ¢.

2 Monadic Logic and Bounded Variability

The variability of a time sequence measures the maximal number of positions
in a unit interval. Formally, the variability of a time sequence t is given by the
following expression:

var(t) = sup{k + 1 | Ji(t;pr — t; < 1)} .
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We say that a timed state sequence is of bounded variability k if the variability of
its time sequence is less than or equal to k. The set of all timed state sequences
of bounded variability k is denoted by TSSg(P), i.e.,

TSS,(P) = {(s,t) € TSS(P) | var(t) < k}.

Tt should be noted that the set TSS,(P) is defined by the following E?(P)f

formula:
bvary £ IXo. .. IXe 1 (XoOAYX T A LA X q (k1)

AN Ve (Xiz & X (k) A N\ Va(Xiz = Az, X;) > 1))
i<k i<k
Here, 0, 1, 2, ... stand for the first, second, third, etc. position of a timed state

sequence and x + k stands for the k-th position after . These terms can easily
be eliminated using the formula

suc(z,y) 2 e <yA-Td'(z <2 AN <y).
For instance, if k = 3, then X;(x + k) is equivalent to

Az Jwo A (suc(e, 1) Asuc(ay, 29) Asuc(aa, 23) A X;23.

In Sect. 7 we will prove that [ﬁ? P) is closed under complementation when
interpreted in timed state sequences of bounded variability k:

Theorem4. let k be a natural number.
For every [ﬁ? P)-formula ¢ one can effectively construct a formula ¢' such
that
TSSk(P) = —¢ « ¢

As an immediate consequence of this result and Theorem 2 we have:

Corollary 5. Let k be a natural number.
The class of timed regular languages C TSS(P) is an effective boolean alge-
bra (with complementation with respect to TSSg(P) ).

As another consequence of Theorem 4, we will obtain the following:

Corollary 6. The Ld(P)-theory of TSSg(P) is decidable.

3 Temporal Logics

The logics we consider are interpreted in pairs (7,1), so-called interpretations,
consisting of a timed state sequence 7 = (s, t) and a natural number. To explain
the semantic of one of the logics we define whether a formula is true in an
interpretation or not; we write (r,i) = ¢ or (7,4) £ ¢. The model set of a formula
¢ 18 the set of all timed state sequences T over the given set of propositions such
that (r,0) | ¢. We say that a formula ¢ defines a set I of timed state sequences
if . 1s the model set of ¢.
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3.1 The Logic TL.y by Manna and Pnueli

We start with a definition of TT.p as given in [20].

The syntax diagram of TLp(P) is depicted in Fig. 1, where p stands for a
proposition, ~ for a relation symbol as usual, and ¢ for a natural number. (We
omit rules for grouping formulas with parentheses.)

(formula) == tt | p | =(formula) | (formula) A {formula) |
O{formula) | O(formula) |
(formula) Y (formula) | (formula) S (formula) | I'({formula)) ~ ¢

Fig. 1. Syntax of TT.. (P)

The semantic of TLp(P) is given by the following rules:

(r,i) E tt for every 1,

(T,i)':p iff p € s,

(Tv 7) = e iff (Tv 7) "~ ¢,

(i) Fony iff (1,4) = ¢ and (7,1) = 9,

(i) = Oo i (724 1) b= 6,

(i) EolU Y iff there exists j > i such that (r,7') &= ¢ for every i’ with
i<i'<jand (1)) 6,

(1,1) F O¢ iff i > 0 and (r,i — 1) = ¢,

(i) Eo S iff there exists j < ¢ such that (7,j') | ¢ for every j
with j < ' < i and (r,j) | o,

(r,i) ET(¢) ~¢ iff (r,i) ¢ and 0 ~ ¢, or (1,4) E ¢ and t; —1; ~ ¢

for the smallest j with (r.j') E ¢ for every j with
j<<i
For instance, the set of all timed state sequences 7 = (s, t) such that 15 = 1
is defined by
OO((I'(et) =1) .
This formula is interesting because there is no equivalent MTTT., ( P)-formula for
it.
The semantic of TLp(P) introduced above leads us to read () as “nexttime”

as “previoustime” ., U as “until” | S as “since”, and I as “the age of ... 18”.
p b b b g
In Section b we will give a proof sketch of the following result:

Theorem 7. FEvery formula of TLp(P) can be effectively transformed into an
equivalent Eﬁ( P)-formula.

Since the satisfiability problem for ﬁﬁ(P) is decidable (Corollary 3) and
timed automata can be effectively converted into equivalent. £d(P)-formulas
(Theorem 2) we obtain as a consequence:
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Corollary 8. 1. For TLp(P) the satisfiability problem is decidable.
2. The TLp(P)-theory of TSS(P) is decidable.

3. The model-checking problem is decidable for timed automata over p(P) and
TLp(P).

3.2 The Metric Temporal Logics MITIL, and EMITL,

We start with the definition of MTTT.,, as given in [8].

A non-singular interval is an interval of the real line with bounds in N, (the
set, of natural numbers augmented by co) and with infinitely many elements,
e.g., [1,00) and (3, 4] are such intervals but [5, 5] is not.

A syntax diagram of MTTT.,(P) is given in Fig. 2, where T stands for a non-
singular interval and p for a proposition.

(formula) == tt | p | =(formula) | (formula) A {formula) |

(formula) U; (formula) | (formula) S; (formula)

Fig. 2. Syntax of MITT.,(P)

The semantic of tt, p, =, and A is the same as in TLp(P). Told and § the
following rules apply:

T, 1 Uy iff there exists j > 7 such that #; —#; € T and (7,7
2 b
for every i’ with i <i' < j and (7,7) E ¢,
T, 1 St iff there exists j < 7 such that #; —#; € I and (7,7’
< i

for every j' with j < j' <iand (7,j) E .

Tn [10] it was shown that the MTTT,(P)-theory of TSS(P) is decidable.
This was proven by showing that every MTTT,(P)-formula can effectively be
transformed into an equivalent bounded two-way deterministic timed automa-
ton (which were introduced for this purpose in that paper).

The restriction to non-singular intervals is essential. Tf it is dropped the
theory becomes undecidable. This is already true for the version without the
since operator [6].

The operators (also called ‘modalities’) & and U can be viewed as special
instances of automata operators. We now extend the idea of automata operators
to the real-time framework.

We use classical Rabin-Scott automata over alphabets of the form 27. (Recall
that 2" denotes the set of all functions from {0,...,n — 1} to {0,1}.) We will
write an element of 27 as a column vector with n components of {0, 1}.

The vocabulary of EMTTT,(P) contains for every Rabin-Scott automaton 2
over the alphabet 2”7 and for every non-singular interval 7 two special symbols
of arity n, which are denoted by 2 ; and 2, respectively. The syntax diagram
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of EMTTT,(P) is given in Fig. 3, where 2 stands for a Rabin-Scott automaton
and T, again, for a non-singular interval. The formulas in the second line are
called automata formulas, the semantic of which is explained in the following

paragraphs.
(formula) ::= tt | p | =(formula) | (formula) A (formula) |
g r((formula), ..., (formula)) | ﬁ (formula), ..., (formula})
Fig. 3. Syntax of EMITT.;(P)

Tet ¢g,...,dn_1 be a sequence of temporal formulas and let = = (s, t) be a
timed state sequence. With both (the sequence of formulas and the timed state
sequence) we associate an infinite word agajas ... over the alphabet 2" defined
by

f (Tv 7) ': ¢,77
f (Tv 7) I# ¢7

The word is denoted by [éq, . . ., &, _1, T]. Tt stores the truth values of the formulas
¢07 R ¢n71-

If u = agaqyas ... is an infinite word and if i and j are natural numbers with
i < j then wu(i, j) denotes the segment a; ...a; of w. Tf i > j then (7, j) denotes
u(j,7) in reversed order, i.e., u(i, j) = a;...q; .

Using these notations we define:

(r,i) E af((bo, oo @n—1) iffthere exists j < isuch that [¢o, ..., ¢n_1, ](7 7)

a;(j) =

is accepted by the automaton 2 a,nd t,—t; €1
holds,

(r,i) E W;((bo, oo @n—1) iffthere exists j > i such that [¢o, ..., ¢n_1,7](i,])
is accepted by the automaton 2 and #; —¢, € T
holds.

For instance, if 2 is a Rabin-Scott automaton over 22 that accepts the lan-

guage () + ()" (1) + (1)), we have:
TSS(P) = A 1(6,4) ¢+ 6 Us ¥,
TSS(P) = A 1(6,0) & 6 Sr v
So, in fact, & and U can be expressed in terms of automata operators.

Using an automaton for the language 1*0 (and automata for simulating O

and ©) one can show that every TTp(P)-formula can effectively be translated
into an equivalent EMTTT.,(P)-formula. This is even true for TTp(P)-formulas
if extended by automata operators in the natural way.

In Sect. 6 we will give a proof sketch of the following result:
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Theorem 9. FEvery EMITL,(P)-formula can be effectively transformed into an
equivalent [ﬁ? P)-formula.

And as in the case of TLp(P) we obtain:

Corollary 10. 1. For EMITL,(P) the satisfiability problem is decidable.
2. The EMTTT, (P)-theory of TSS(P) is decidable.

3. The model-checking problem is decidable for timed automata over p(P) and
EMTTT,(P).

Since EMTTT,(P) allows “counting” it is clear that EMTTTL,(P) is strictly
more powerful than MTTT.,(P).

The property “every stimulus p 1s followed by a response ¢ and, then, by
another response r within 5 time units of the stimulus p” has been considered
in several papers and is assumed to be not expressible in MTTTL,({p, ¢,7}), see
[7] and [9]. Using an automaton 2 for the language

()2 () () ()

the property is expressed by
H.
= (8 U o0y (P A =10 51(0,7))) -

. >
4 Expressive Completeness of L d

This section is dedicated to a sketch of the proof of Theorem 2. We first show how
a given E?(P)fsentence can be transformed into an equivalent timed automaton.
The transformation is based on an adaptation of the model theoretic notion of
interpretation to existential monadic second-order logic; timed state sequences
are interpreted in ordinary infinite words. This allows us to use Biichi’s theorem
on the equivalence between S1S and finite automata for infinite words.

We start with some simple properties of [ﬁ? P). The set of E?(P)fformulas is
closed under existential quantification, conjunction and disjunction. (To obtain a
formula of £d(P), rearrangement of the prefixes of the existential set. quantifiers
and renaming of the quantified set variables is necessary in general.)

4.1 Eliminating Future Formulas

Transitions in timed automata are constraint to tests of the current values of the
clocks. Tn ﬁﬁ(P) these are represented by past distance formulas ﬁ(X, r) ~ ¢
where one should think of X as the set of positions where a clock is reset.
The dual distance formulas ?(T, X) ~ ¢ are not easily representable in timed
automata (but will be very useful later). We therefore show that they can be
avoided.

The set, of E?(P)fformulas without future distance formulas as subformulas

is denoted by Eﬁ(P).
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Lemma 11. Fuvery [ﬁ? P)-formula can be effectively transformed into an equiv-
alent ﬁﬁ(P)—formula.

Sketch of proof. Given an E?(P)fformula, the number of future subformulas is
reduced stepwise. We outline one of these Stepi)
Suppose that ¢ = 3X,...3X,, 14 is an Ld(P)-formula with a subformula

of the form H}(v, X) ~ I. We translate ¢ into an equivalent formula ¢’ where

H}(v, X) ~ I does not, occur any more. The formula ¢’ is designed as follows:

¢' £ IXIAFAGAG'AK (¢’ A suce; A after A fut-enc;)

with I-tuples F, (7, and (' of distinct set variables,

suce; = /\ Ve (Ger & GL(z+1))
<l

and
after £ Va(Kz & (-y(z <y A Xy)).

Thus suce; makes each of the variables (G to contain the successors of the el-
ements of (7., and after forces K to contain all positions that are after every
position of X. Note that by definition these positions can never make true a
future formula with X as argument.

The formula fut-enc; will have a unique solution in every timed state sequence.
Tts defining property is the following:

fut-enc; & /\V?)((Ecv Hﬁ(v, X)=c)A (G Hﬁ(v, X) > ).
<l

In other words, fut-enc; makes the variables . and (7. to contain the set of
positions for which ﬁ(v, X)=c¢ resp.ﬁ(v, X) > ¢ holds. Tf fut-enc; can be con-
structed without future formulas, then ¢’ will have the desired property (namely,
to be equivalent to ¢ and to have one future subformula less than ¢) if we use
for ¢/ the formula that is obtained from 1 by replacing the future subformula
H}(v, X) ~ | by a according to the following table:

s = S T N -
Fio|Gho

o A=Gio A=Ko|EoV Gu|=Giv A=Kuv|=FEv AN=Kuv

A construction of fut-en¢; can be carried out using induction on /. The induc-
tion base is straightforward. For the induction step we assume that fut-enc;_4
has been constructed and we construct fut-enc;.

Since we can add fut-enc;_1 as a conjunct, it is sufficient to deal only with
the set variables F; and (. For every position x of X we look at the interval
extending from  into the past till the previous position in X or the first position
of the timed state sequence. There are three different cases to distinguish:
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1. the length of the interval 1s at least [ and there is a position in the interval
which has distance exactly [ from =z,

2. the length of the interval is greater than [ and there is no position in the
interval which has distance exactly [ from =z,

3. the length of the interval is less than /.

Each of these cases is represented by a disjunction in the formula fut-enc;:

fut-enc; = fut-enc;_1 A Ve (Ko — —~Fa A -Gx)
AVz( Xz — (“case 17V “case 2”7 V “case 37)) .

For instance, in case 2 one searches for the greatest position y with distance > 1
from x and verifies that no position of the interval is contained in Fj, that all
positions before y and y itself belong to (7, and that no position after y belongs
to (. Tn order to find y one uses the primed variable (7j. The full formula for
the second case is as follows:

“case 27 = Hy(bf(y, z, X) NGy /\ﬁ((}l, x)>1
A(y+1 =z v —a(Glz) < 1)
A=y by 2, X) A (By' Vv (Giy' Ay < y')))
Ay (bR 2, X) Ay <y — Giy'))

where
bf(z,y, X) £ 2 < yA-F2' (2 <2’ <yAXz').

The other cases are easier and do not need the primed variables. O
As a consequence of the lemma we have:

Corollary 12. ﬁﬁ(P) and Eﬁ( P) are equally expressive.

4.2 Interpretation in Infinite Words

Let v be a fixed first-order variable.
Let Ty be a finite set of past formulas of the form ﬁ(X, v) ~ ¢. Let V be the
set, of set variables occurring in 7y and define T by

T={Xv|XeViU{Qpu|pe PtUTyp.

A T-formulais a Eﬁ(P)fformula, where variables of V are quantified only in the
existential prefix and where every relative distance formula that is a subformula
belongs to 7.
Obviously every Eﬁ( P)-formula is equivalent to a 7-formula for some 7.
With every T-formula ¢ we associate a monadic second-order formula ¢* in
the signature {<} U {Q, | @ € T}. Tt is obtained from ¢ by substituting Q, for
every subformula a belonging to T .
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Now let v be a variable assignment and 7 a timed state sequence. The en-
coding of T and v with respect to T 1s the infinite word u = agaqjas ... over the

alphabet p(7T) defined as follows:
0 ={a e T|(rv[Z]) Fal
where 1/[:—,] is the assignment that coincides with v at all places except for v
where it is m. The word u is denoted by code(r, v, T).
By induction on the structure of T-formulas one shows the following:

Lemma13. Let ¢ be a T-formula, = € TSS(P), and v a variable assignment.
Then

(rv) E & iff (code(r, v, T).v) | " (3)

4.3 From a Discrete to a Timed Automaton

By Biichi’s theorem we know that for every monadic second-order formula in
the signature {Q, | @ € T}U {<} interpreted in infinite words we can construct
an equivalent Biichi automaton. In particular, we find an automaton 2 that 1s
equivalent to the formula ¢* constructed 1n the previous subsection. Our aim is
to transform such an automaton into a timed automaton recognizing the set of
timed state sequences defined by ¢.

Tet A = (@, g0, A, F) be an arbitrary Biichi automaton over (7). We con-
struct a timed Biichi automaton 2 = (Q,C,q0, A", F) over p(P).

First, the set (' of clocks contains for every set variable X € V a clock denoted
by ex. Second, for every transition (g, a,¢’) in A a transition (¢, s, ¢, M, ¢') with

s={p|Qu€a},

o= A cx o~
(X, v)~ceT

M=A{ex | Xv Ea}

is added to A’, which is initialized by the empty set at the beginning.
By induction on the length of a computation one can prove:

Lemma 14. Let U be an arbitrary Bichi automaton over T and U as above. Let
7 € TSS(P) and v a variable assignment. Then

A accepts T iff A accepts code(r,v,T). (4)

Now it is clear how the direction from left to right in Theorem 2 can be
proved: given a E?(P)fsentence 1, thisis first transformed into a Eﬁ(P)fsentence
¢ using Lemma 11. Then ¢* is constructed as described in Subsect. 4.2 using an
appropriate set Ty of past formulas. Next a Biichi automaton equivalent to ¢* is
built using Biichi’s theorem [13]. Finally, 2 is constructed according to the rules
above. For every timed state sequence T we then have:
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TEY

iffr = ¢ (by construction, Lemma 11)
iff JuIv(u = code(r, v, T) Au = ¢%), (by Lemma 13)

iff JuIv(u = code(r,v, T) Au € L(A)), (by Biichi’s theorem)

iff u e T(YA), (by Lemma 14)

Therefore 2 is the automaton we are looking for: it is equivalent to . O

In the author’s dissertation [24] also for some classes of linear hybrid au-
tomata expressively complete monadic second-order logics are obtained along
the same lines.

4.4 Describing the Run of a Timed Automaton

The other direction of Theorem 2 is much more simpler and classical in the sense
that it follows the same idea which has also been used in [12], [13], or [22] in order
to show that sets recognizable by automata are definable by existential monadic
second-order sentences: one describes the existence of an accepting run.

If 2L is a timed automaton with s transitions and # clocks, a formula is con-
structed in the form

accepted 23X, ...3X, 413Y,...3Y,_ successful .

Here X; encodes the positions where the sth transition of 2 is taken and Y;
containsg the positions where the jth clock is reset. Using formulas of the form
ﬁ(Yj, v) ~ ¢ one can check whether a clock constraint is satisfied or not.

Since successful can be constructed without quantification of set variables, it
follows:

Corollary 15. The emistential monadic second-order fragment of ﬁﬁ(P) and
= .
LA(P) are equally expressive.

5 Embedding Tl

The proof of Theorem 7 uses the fact that [ﬁ? P) can be extended by so-called
set terms.
In general a set term 1s of the form

{r]a} (5)

where x is a first-order variable and a is an arbitrary formula. The free variables
of (5) are the free variables of o except .
Given an interpretation 3 = (9, 3), the interpretation of (5) in J is the set

fme M| (2,5]2]) E o}

where M 1s the universe of IN.
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Set terms can be used everywhere in a formula where a set variable may
appear.

One can show that the expressive power of monadic second-order logics is
not increased when set, terms are introduced. Tn the case of Ld(P) the use of set
terms has to be restricted in order to ensure equal expressive power.

Lemma 16. Fuvery E?(P)—formula ¢ with set terms satisfying

(#) the set terms have no free first-order variable and all free set variables
occurring in set terms of ¢ are either free in the entire formula or bound in
the eristential prefir

can effectively be transformed into an equivalent ﬁ?(P)—formula.

Proof. If ¢ £ 3X,...3X,,_1¢ is a formula with (5) as subterm and if (#) is

satisfied, then ¢ is equivalent to
AXy . 3X Y (Ve (Y & o) Ay

where ¢’ is obtained from ¢ by substituting (5) by Y. Continued application of
this substitution process finally leads to a E?(P)fformula, without set terms. 0O

Therefore, if we speak of an E?(P)—formula with set terms we always require

(#)-

Tn order to prove Theorem 7 we show that for every TT.p(P)-formula ¢ there

exists a E?(P)fformula, ¢* = ¢*(x) with set terms such that for every timed
state sequence and for every natural number 7 the following holds:

(r,i) E & iff 7 6"(i).

Then ¢ will be equivalent to ¢*(0), and this can be transformed into a E?(P)f
formula by Lemma 16.

The proof of the assertion proceeds by induction on ¢. Apart from the induc-
tion step for the age operator it is straightforward. Tn this case it is convenient
to have set terms, because one can use the formula

Ty |~ (y=1) Ay >0}, 2) ~c

in order to check the age of a formula ¢ at a position xz. O

6 Embedding EMITIL,

In this section we outline the proof of Theorem 9.
The proof proceeds by induction on the structure of the EMTTT.,, (P)-formulas
using the following assertion:
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For every EMITL,(P)-formula ¢ there exists a E?(P)fformula, o =
¢* (X)) with set terms such that in every timed state sequence T over P
the formula ¢*(X) has a unique solution M and for this solution

(ryi)E o iff ie M
holds for every 1.

So we claim that for every EMTTT,(P)-formula ¢ we can construct a formula
defining the set of positions where ¢ is true.

The induction base and the induction step for conjunction and negation are
straightforward, while the induction step for automata formulas is involved.

We sketch how to construct ¢* when

62 W (b0, n1).

The construction for the corresponding past formula is similar.
First notice that every non-singular interval is a union of at most two non-
singular intervals with lower and upper bound a and b such that either

a=0and b=1,
a=1and b > 2 s finite, or
a=1and b= oco.

So 1t 1s sufficient to consider only these types of intervals as subscripts for
automata operators. We deal only with the second case, the others can be treated
similarly.

With every timed state sequence 7 = (s,t) we associate a subset of the set
of its positions, called its grid and denoted by grid(r). Tt is the smallest subset
of pos(7) containing 0 and satisfying the following two conditions:

1. It t; € grid(7) and if t;54 —t; > 1, then t,14 € grid(7).
2. Tt t; € grid(r) and if t,44 —#; < 1, then max{t; | t; —#; < 1} € grid(7).
(Since t is assumed to be divergent the maximum exists.)

Obviously, grid(7) is an infinite set.
In the following we assume that rq, 71, 79,... with 7 < ry < rs < ...18 an
enumeration of the elements of the grid of a fixed timed state sequence 7 = (s, t).

Remark. Tet 7 and ry,ry, ... as defined above.

1. Tf k18 a positive natural number, then ;10 — r; > k for every 1.
2. Tet J be a non-singular interval, let M C pos(7), and ¢ € pos(7). Define sets
My and M; as follows:

My ={min(N) | 3N =MN[r,ripq) AN #£0)},
My = {max(N) | Fi(N = M O [r;,riga ] AN £ D)}

Then the following conditions are equivalent:
(a) There exists a position # € M such that ' —1 € .J.
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(b) There exists a position in ¥ € M; U M; such that ¢ —¢ € J.

The first claim asserts that the grid is “coarse”. On the contrary, the second
claim asserts that the grid is “fine”: for every position #; of 7 there exists a
position in M with distance from #; restricted by a non singular interval only if
such a position exists in one of the sets My or M; which are at most as “dense”
as the grid. (Note that the claim is not true for singular intervals!)

In the following we explain how Remark 6 can be used for our purposes.

Let us assume that the automaton 2 is given as 2 = (@, ¢0,4, F'). Then for
every ¢ € @ we define antomata 20, and 29:

Q[q: (Q7q767 F)7
Q[q = (qum(i {q}) .

Tet uw = agajasy ... be the word [¢y, ..., ¢n_1, 7] (as defined in Subsect. 3.2).
For every ¢ € () we define sets /\/[;7 and M. For every i let j be the index such
that 7; =1; and let '

N; = {fl | i € [72;7 7“7j+1] A ?l,(j,l) & T;(Q[q)} R
Then let,

M{ = {min(N;) | N; # 0},
M = {max(N;) | N; # 0} .

Now let #; be an arbitrary position of 7. Then, using Remark 6, one can prove
that the following conditions 1 and 2 are equivalent:

1. (ri) Eo.

2. There exists a natural number [ with [ < 2b (recall that b is the upper bound
of T), a state ¢ € @, and a position #; € /\/[;7 U M} such that the following
holds for k = max{k’ | tp € grid(7) Aty <1, }:

(W) i <k,

(b) u(i, k) € L(AY),

(C) |gﬂd(7—) N [f’ivtkﬂ =1,
(d) t; —1; € I.

Thus ¢* needs only express condition 2. That a sumtable formula can be
constructed is explained in the rest of the subsection.
We need further notation. Write suc(z, y, X) for

r<yAXyA-TAd(x <2 <ynXr).
and define inductively suc”(z,y, X) by

suc'(z,y, X) = suc(z, y, X),

S
suc"H (2, y, X) £ 32/ (suc(z, 2, X) Asuch (2 y, X)) .
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So suc®(z,y, X) is true if y is the k-th position after = belonging to X. Now
d—;:(r, X) ~ ¢ is defined as follows:

d—;:(r, X) ~ ¢ = Fy(suck(z,y, X) Ad(z,y) ~c).
So d—;:(T,X) ~ ¢ 18 true if the distance from 2z to the k-th position after =
belonging to X satisfies c. Symmetrically, suc® (X, z,y) and ch(X, r) ~ ¢ are
defined. The formulas d—;:(T,X) ~ ¢ and CZ(X, x) ~ ¢ are called generalized

relative distance formulas.

Using a partition of X into k sets (counting modulo k) one can show that
the expressive power of ﬁﬁ(P) is not increased, if the new formulas are added
as admissible atomic subformulas involving distance formulas.

In order to see that condition 2 is expressible, we first show that the grid of
a timed state sequence is definable by a E?(P)fformula,:

Lemma17. There is a E?(P)—formula grid((F) such that in every timed state
sequence T the set grid(r) is the unique solution of grid(G).

Proof. Using generalized relative distance formulas we may simply write grid((7)
in the following form:

grid & GO AVYaTy(z < y A Gy)
AVE(Gr Az > 0= T (G a+1) > 1)
/\VmVy(Gm/\suc(m,y, G) — (ﬁ((},y) <1Vy—==z+ 1))

O
From Biichi’s theorem [12] we know that, for every ¢ € @), one can construct
a monadic second-order formula ¢, 2 Ye(2,y, Xo,..., Xp_1) in the signature

{<}u{Qp | p € P} such that for every timed state sequence 7 and every
variable assignment v with v(x) < v(y) we have (r,v) | 9, if and only if 2,

accepts the word aq . .. a, )y With a; defined by

y)—
g [ e,
ai\}]) =

0, otherwise.

Similarly, one can construct a formula 9 (z,y, Xy, ..., Xn_1) for the automaton
A9,

The formulas 7 are used to express condition 2(b), whereas the formulas
Yy are used to define the sets /\/[;7 and M, by E?(P)fformu]as. For conditions

2(c) and 2(d) the generalized relative distance formulas d—;:(r, X) ~ ¢ are used.

(Note that £; in 2(d) is a position of /\/[;7 or M[; so relative distance formulas

are appropriate to measure the distance.)

Tt is also possible to extend EMTTT,(P) by future Biichi automata operators
(but, of course, without interval constraints). From McNaughton’s result on the
determinization of Muller automata it is clear that such an extension will not
add to the expressiveness of EMTTT,(P).
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7 Closure under Complementation for Bounded
Variability

Let k be a positive natural number.
Let 7 be a timed state sequence of bounded variability & and let ¢ be a natural
number. Then #; 4 .11 —1; > ¢ holds for every 7. Thus for every ~ € {=,#, <, <}

the 1"01"rnula,dF(X7 y) ~ ¢ is equivalent to

3m(m<y/\Xﬂ:/\—|3m'(m<m'<y/\X.1:’)

AN (=r+i 1 ATz T ethy) ~ ). )
i<ke

In case of ~ € {> >}, the formula equivalent to ﬁ(X, y) ~ c is a bit more
complicated:

3m(m<y/\Xﬂ:/\—|3m'(m<m'<y/\X.1:’)

Aa+hke<yv '/ (y:m+i+1AH1({z|tt},y)~c))_ (7)

i<ke

After substitution of every past formula by (6) or (7) in a given E?(P)fformula,,
one obtains a E?(P)fformula, with set terms where no quantified or free set
variable occurs in a distance formula. Thus the negation of this formula is also
a E?(P)fformula, with set terms. By Lemma 11 we know that set terms can be
eliminated. This proves Theorem 4. O

Every Ld(P)-formulais equivalent (with respect to satisfiability) to a formula
that is built from

o (X2 A —-Fy(—2 =y A Xy)) (8)
e (Xa AQpx) (9)
Fz( Xz AYa) (10)
Fey(Xe AYyAx <y) (11)
FeTy(Xae AYyAd(z,y) ~ ) (12)

using boolean connectives and quantification of set variables. (Tn order to see
this one replaces first-order variables by set variables for singleton sets, ¢f. (8).)
The distance formula in (12) is equivalent to

X (XyAVy'(Xy'%y:y')Aﬁ(X,m)~(:) . (13)

Since [ﬁ? P) is closed under existential quantification of set variables, conjunc-
tion and disjunction, since 1t is also closed under ne&ation in the case of bounded
variability k, and since (8)  (11) and (13) are L£d(P)-formulas, every L£d(P)-
formula is equivalent (with respect to satisfiability) to a Emp)fformula,. This
implies Corollary 6. O

Tt is also possible to proof the results concerning bounded variability using
automata theoretic methods (determinization of timed automata).
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8 Alternative Models of Computation

The results of this paper do not depend on the model of real-time computation
here timed state sequences one chooses; they transfer to other standard models:
timed state sequences with non-decreasing time [21] (rather than strictly increas-
ing time), trajectories as finitely variable functions from real-numbered time to
states, and observation sequences [9].

Only minor modifications of the logical setting are necessary in these cases.
Often there are several ways to adjust to the situation. We mention the follow-
ing possibilities: For non-decreasing time the universe of the relational struc-
tures is replaced by the natural numbers as index set for the elements of a
(non-decreasing) time sequence; a distance formula is then true for two natural
numbers if the difference between the corresponding positions satisfies the given
condition. Dealing with trajectories one allows only quantification over positions
where state changes occur, and observation sequences can simply be treated as
an alternative presentation of trajectories of finite varability.

Concluding Remark

Tt seems that £ is a powerful decidable logic for the specification of timed state
sequences; ‘decidable’ here means that the satisfiability problem is decidable.
This view is supported by two main arguments:

As we have seen £ is strictly more expressive than EMITL,, and EMITTL,
is strictly more expressive than MITL,,, and MITL, was the most expressive
decidable logic for specifying timed state sequences previously known. Also
TLp is subsumed by £d, even when extended by automata operators.

From automata theory it is known that already small extensions of the model
of timed automaton lead to classes of automata with an undecidable empti-
ness problem [3] [14] [24]. Since, as we have shown, LT s expressively com-

plete for timed automata extensions of [ﬁ)capturing larger reasonable classes
of automata cannot have a decidable satisfiability problem.
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