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Realizability

Establishes a correspondence between formulas provable in a logical system and
programs interpreted in a model of computation. Then uses tools from computer science
to extract information about proofs in the logical system.
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A short history

Kleene 1945

Correspondence between formulas of Heyting arithmetic and (sets of indexes of)
recursive functions.

Curry Howard 1958
Isomorphism between proofs in intuitionistic logic and simply typed lambda-terms.

Griffin 1990

Correspondence between classical logic and lambda-terms plus control operators.
Peirce’s law (excluded middle) is realized by call/cc.

Krivine 2000-2004

The programs-formulas correspondence is extended to any formula provable in ZF+DC.
Krivine’s technique generalizes Forcing: forcing models are special cases of realizability
models.

v
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Forcing

Forcing is a technique for building models of set theory, hence proving consistency and
independent results. J

It was introduced by Cohen in 1963 to prove the independence of the Axiom of Choice
and the Continuum Hypothesis from ZF. J
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Forcing

The intuition behind Forcing

In order to build our model we assign to each sentence in the language of set theory a
certain value that corresponds to the ‘degree’ to which the sentence is true in the model.
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The intuition behind Forcing

In order to build our model we assign to each sentence in the language of set theory a
certain value that corresponds to the ‘degree’ to which the sentence is true in the model.

@ | ¢ | =1 means ‘p is definitely true’
@ | ¢ | =0 means ‘p is definitely false’
@ otherwise | ¢ | takes some ‘intermediate’ value between 0 and 1
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Forcing

The intuition behind Forcing

In order to build our model we assign to each sentence in the language of set theory a
certain value that corresponds to the ‘degree’ to which the sentence is true in the model.

@ | ¢ | =1 means ‘p is definitely true’
@ | ¢ | =0 means ‘p is definitely false’
@ otherwise | ¢ | takes some ‘intermediate’ value between 0 and 1

We pick a suitable Boolean algebraB = (0,1, A, V, ) and assign to each sentence ¢ an
element of B that we denote | ¢ | . The elements of B are called ‘conditions’

4
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Forcing

The function ¢ — | ¢ | must satisfy certain properties...
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o ||l ==1]¢l
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Forcing

The function ¢ — | ¢ | must satisfy certain properties...

o ||l ==1]¢l
O [ony | =1l Ayl
@ oVl =lel VIyl
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Forcing

The function ¢ — | ¢ | must satisfy certain properties...

[—ol ==1l¢l

leAd ]l = 1ol ALY
level =1lel V1Yl
| Vx o(x) | :/a\lso(a)l

® 6 6 ¢

... then B must be a complete Boolean algebra, i.e. arbitrary subsets of B must have a
greatest lower bound.
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What about atomic formulas?

Ix=yl Ixecyl

... we need to deal with ‘potential members’, the so-called B-valued sets.
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Forcing

The B-valued sets

M is a given model of ZFC (or ZF).

A B-valued set is a function from a set of B-valued sets to B.

ME, the set of all B-valued sets, is defined inductively as follows:
oMy =10

@ ME,, = the set of all functions with domain C M2 and values in B
o M= | Mj,if ais alimit ordinal

B<a
B __ B
M* = U, co Ma-
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Forcing

Some adjustments...

5 the set of all first-order sentences in the language of set theory enriched with one
constant symbol for each element of M®

1-1: §—B
o= lel.
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Forcing

Some adjustments...

5 the set of all first-order sentences in the language of set theory enriched with one
constant symbol for each element of MP

1-1: §—B
e lel.

[—ol ==1l¢l

lenyl =lel ALYl
levyl =lel VIvl
[Vxe(x) 1 = A le(a)l
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Forcing

The B-value of atomic formulas

We want the axiom of extensionality to hold in M, thus...

la=b| = |Vz(zea=zeb)AVz(zeb=z€c a)|
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Forcing

The B-value of atomic formulas

We want the axiom of extensionality to hold in M, thus...
la=b| = |Vz(zea=zeb)AVz(zeb=z€c a)|

... and membership statements depend on equality statements, thus...

laeb| =|3z(zebrz=a)]|
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Forcing

The B-value of atomic formulas

... the value of z € x should be compatible with x(z) (remember x € M® is a function
from a set of B-valued sets to B), therefore ...

la=bl = A (a(2)= lzebl)n J\ (b(2)= 1z€al)

zedom(a) zedom(b)

lacb]l = \/ (b(2)Ar1a=z1)

zedom(b)
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Forcing

Summing up...

laebl = V (b2)A1a=z1)

zedom(b)

lacbl = A (a(z)= lzeb])

zedom(a)

lacb| AlbCal
ol == 1l¢l

oAl =1l ALYl

©
Il
o
Il

lovyl =1lel Vv iyl
[Vxe(x)] = A lv(a)l
acMB
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Forcing

The boolean-valued model

We start with a model M of ZFC, the ground model.

Laura Fontanella (I2M - Aix Marseille) From Curry-Howard to Forcing January 1, 2015 13/28



Forcing

The boolean-valued model

We start with a model M of ZFC, the ground model. We pick a suitable Boolean algebra
B € M which is a complete Boolean algebra in M.

Laura Fontanella (I2M - Aix Marseille) From Curry-Howard to Forcing January 1, 2015 13/28



Forcing

The boolean-valued model

We start with a model M of ZFC, the ground model. We pick a suitable Boolean algebra
B € M which is a complete Boolean algebra in M.

Theorem
The set of sentences that have B-value 1 forms a coherent theory. J
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Forcing

The boolean-valued model

We start with a model M of ZFC, the ground model. We pick a suitable Boolean algebra
B € M which is a complete Boolean algebra in M.

Theorem
The set of sentences that have B-value 1 forms a coherent theory. J

Theorem
All the axioms of ZFC hold in M® (i.e. have B-value 1) J
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Forcing

An example

Theorem
The axiom of extensionality holds in M® J
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Forcing

An example

Theorem

The axiom of extensionality holds in M®

Proof
Leta b e ME.
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Forcing

An example

Theorem

The axiom of extensionality holds in M®

Proof

Let a, b € M®.Observe that:
o ifx<x'.,then(xX'=y)<(x=y)
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An example
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Proof
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o ifx<x'.,then(xX'=y)<(x=y)
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Forcing

An example

Theorem

The axiom of extensionality holds in M®

Proof

Let a, b € M®.Observe that:
o ifx<x'.,then(xX'=y)<(x=y)
@ auysiluecal

Then, forevery u ¢ M®, wehave (1ucal = |uecb|)<(alu)= |ueh]|).
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Forcing

An example

Theorem

The axiom of extensionality holds in M®

Proof
Let a, b € M®.Observe that:
o ifx<x'.,then(xX'=y)<(x=y)
@ au)< 1ueal
Then, for every u ¢ M®, wehave (1ucal = |ucb|)<(alu)= |uecb]|)Thus

N\ (tueal = Jueb])< A (au)= |ueb])

ueM® ueM®B
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Forcing

An example

Theorem

The axiom of extensionality holds in M®

Proof
Let a, b € M®.Observe that:
o ifx<x'.,then(xX'=y)<(x=y)
@ au)< 1ueal
Then, for every u ¢ M®, wehave (1ucal = |ucb|)<(alu)= |uecb]|)Thus
N\ (tueal = Jueb])< A (au)= |ueb])

ueM® ueM®B

The former corresponds to | Vu(u € a= u € b) | ,thelatteris |[aC b] .
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Forcing

An example

Theorem

The axiom of extensionality holds in M®

Proof
Let a, b € M®.Observe that:
o ifx<x'.,then(xX'=y)<(x=y)
@ au)< 1ueal
Then, for every u ¢ M®, wehave (1ucal = |ucb|)<(alu)= |uecb]|)Thus
N\ (tueal = Jueb])< A (au)= |ueb])

ueM® ueM®B

The former corresponds to | Vu(u € a=-u € b) | , the latteris | aC b| .So we have

|Vuluea < ueb)| < la=b]|.
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Forcing

The forcing model

Attention: M® is not a model of ZFC: for an arbitrary ¢ € F, the B-value | ¢ | may be
neither 1 nor 0.
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Forcing

The forcing model

Attention: M® is not a model of ZFC: for an arbitrary ¢ € F, the B-value | ¢ | may be
neither 1 nor 0.

So far the only ‘ trustful’ condition was 1, we need to pick more * trustful’ conditions so
that for every statement ¢ € §, either ¢ or —¢ will hold in the model. We need to define a
set G C B of ‘trustful’ conditions such that:

e1eG
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Attention: M® is not a model of ZFC: for an arbitrary ¢ € F, the B-value | ¢ | may be
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Forcing

The forcing model

Attention: M® is not a model of ZFC: for an arbitrary ¢ € F, the B-value | ¢ | may be
neither 1 nor 0.

So far the only ‘ trustful’ condition was 1, we need to pick more * trustful’ conditions so
that for every statement ¢ € §, either ¢ or —¢ will hold in the model. We need to define a
set G C B of ‘trustful’ conditions such that:

e1e@G

0e0¢G

e ifx,ye G,thenxAnyeG

eifxeGandx <y (ie. xANy=x),thenye G

o for all x € B, then either x or —-x € G

Thus, G is an ultrafilter on B.
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Forcing

The forcing model

The quotient

We define the quotient M®/G as follows. We define an equivalence relation ~g on M®.

X~gy < |x=y| €G

M?® /G is the set of equivalence classes of elements of M® under the relation ~g . If
[x], [¥] denote the equivalence classes of x and y resp. then we let

Xlecly] <= lIxey| €G

Theorem
ME /G is a model of ZFC.
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Forcing

The generic filter

M® /G is not in general isomorphic to a transitive model. For that, we introduce an
additional requirement for G, the genericity.
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Forcing

The generic filter

M® /G is not in general isomorphic to a transitive model. For that, we introduce an
additional requirement for G, the genericity.

LetP:=B\ {0} and < isdefinedby p< q < pAqg=pforp,qecP.
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Forcing

The generic filter

M® /G is not in general isomorphic to a transitive model. For that, we introduce an
additional requirement for G, the genericity.

LetP:=B\ {0} and < isdefinedby p< q < pAqg=pforp,qecP.
Definition

D C Pis a dense set if for all p € P there exists g < psuchthat g € D.

Definition

A filter G on P is M-generic if it intersects every dense subset of P which is in M.
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Forcing

The generic filter

M® /G is not in general isomorphic to a transitive model. For that, we introduce an
additional requirement for G, the genericity.

LetP:=B\ {0} and < isdefinedby p< q < pAqg=pforp,qecP.
Definition

D C Pis a dense set if for all p € P there exists g < p such that g € D.

Definition
A filter G on P is M-generic if it intersects every dense subset of P which is in M.

Theorem

If Gis an M-generic (ultra)-filter, then M® /G is (isomorphic to) a transitive model of ZFC.
Moreover, M® /G it is the smallest transitive model of ZFC that contains both M and G; it
is usually denoted by M[G].

4
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Forcing

The generic filter

Definition
A filter G on P is M-generic if it intersects every dense subset of P which is in M. J

Do M-generic filters always exist?
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Forcing

The generic filter

Definition
A filter G on P is M-generic if it intersects every dense subset of P which is in M. J

Do M-generic filters always exist?

No, but if M is countable they do. We assume ZFC is consistent, we use Lowenheim
Skolem to find a countable model M of ZFC.

The generic filter does not exist in M, unless M[G] = M. )
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Forcing

The intuition

Suppose you want to add a new set 8 C N.
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Forcing

The intuition

Suppose you want to add a new set a C N. We can identify a with its characteristic
function, so it is enough to add a new function g : N — {0, 1}.
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Forcing

The intuition

Suppose you want to add a new set a C N. We can identify a with its characteristic
function, so it is enough to add a new function g : N — {0, 1}.Consider all the possible
finite approximations of g, namely

P:={f:N—{0,1}; fis finite}
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Suppose you want to add a new set a C N. We can identify a with its characteristic
function, so it is enough to add a new function g : N — {0, 1}.Consider all the possible
finite approximations of g, namely

P:={f:N—{0,1}; fis finite}

Forp,q € P, let
p<g <<= plaq

Let1:=0,pAq:=pUqg,pVvVqg:=png.
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Forcing

The intuition

Suppose you want to add a new set a C N. We can identify a with its characteristic
function, so it is enough to add a new function g : N — {0, 1}.Consider all the possible
finite approximations of g, namely

P:={f:N—{0,1}; fis finite}

Forp,q € P, let
p<g <<= plaq

Let1:=0,pAq:=pUqg,pVvVqg:=png.

If Gis a generic filteron P, then | JG : N — {0, 1} is a total function.
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Forcing

The forcing relation

Remark

Ifp< |¢]| ,thenfor every Gsuchthat p € G, we have M[G] = ¢.

Definition

plreiffp< [¢]|
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Forcing

Forcing vs. realizability

Forcing

Realizability

B: set of conditions (Boolean algebra)

A: the ‘programs’ ; I : the ‘stacks’

A ‘meet’

() ‘application’ ;. ‘push’ ; x ‘process’
k- ‘continuation’

< partial order on B \ {0}

> preorder on A x I

{1} A* C A the *proof-like programs’
Contains the instructions I, K, W, C, B, cc
and it's closed by application.
{0} L C A« final segment
plg < pArg=0
lel €B el CAS el ST

plreiffp< |¢]|

01+ @iff 6 € |
i.e. 0 xm el forevery 7 € ||

M Epif [o] =1

NE@it30 e (0e o)
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Forcing

Krivine’s machine

Krivine’s machine

> is the least preorder on A x I such that for all ¢, n,{ e Aand 7,0 € I,
Em)*xm=Exnam
Ix&.m=Exm
Kx€&.n.m>=Exm
Ex&unum = E&(n)*m
Wx&anem=Exnan.m
Cx&nulam=ExCuanam
Bx&.n.Cum = E((Q)
cCx&um - ExKeum
Kex&oo=Exm

®© ©6 6 6 6 6 o o
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Forcing

Krivine’s machine

We call ‘combinatory terms’ or c-terms the programs which are written with variables,
instructions and the application. Every lambda-term can be translated into a c-term.

Execution theorem
Let [x1, ..., xn] € A be a c-term, let &1, ...,& € Aand & € M, then

)\X1...)\Xn.0*§1 “.een én T 9[&1/X1,...,§n/Xn] * T
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Forcing

Non extensional set theory ZF.

L={e,€C}.
x~yistheformulax CyAy Cx
@ Extensionality: VxVy(x € y <= 3Jze y(x ~ 2));
VXVy(x Cy <= Vzex(z €y))

@ Foundation:
Vx1...VxaVa(Vx(Vy € xF[y, X1, ..., Xn] = F[x, X1, ..., Xn]) = Fla, X1, ..., Xn])

Pairing: Yavb3x(ae x A b e x)

Union: Va3bvx ¢ avy € x(y ¢ b)

Powerset: Vadbvx3y e bVz(zey <= (zeaA zex))

Replacement: Vx;...Vx,Vadbvx € a(3yF(x, y, X1, ..., Xa] = (3y € bF[X, ¥, X1...Xn]))
Infinity Vxq...x,Vadblae b AVx e b(IyF[x,y, x1,...,Xa] = 3y € bF[x,y, X1, ..., Xn])]

®© 6 6 ¢ o

ZF. is a conservative extension of ZF.
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Forcing

The realizability relation

We define the two ‘truth values’ |¢| C A and |||l C M.

§€lpl == Vme|pl(§xmel)

¢l pmeans € € |p

o TI=0,[LI=n,la#bl|={ren; (ar)e b}

o |laC b||={¢.m Fc(c,m) € aand € I c ¢ b}

o lagb||={¢.&.m Je(c,r) ebandélFaC cand € IFc C a}
o o=yl ={{.m {IFpand 7 € ¥}

o [|Vxy| =L;I|s0[a/X]II
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Forcing

Adequacy lemma

Adequacy lemma

Let Ay, ..., An, A be closed formulas of ZF. and suppose x1 : A1, ..., Xn : ApE t: A
If &-1 ”_ A1 5 ...fn ”_ An, then t[f] /X1,...,§n/Xn] “_ A

Corollary
If-t:Athentl-FA
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Forcing

The axioms of set theory are realized

M the ground model (a model of ZFC), A the realizability algebra.

Theorem
The axioms of ZF+DC are realized (i.e. N |= ¢ for every ¢ provable in ZF+DC )
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