THE TREE PROPERTY AT BOTH X,.; AND N,

LAURA FONTANELLA AND SY DAVID FRIEDMAN

ABSTRACT. We force from large cardinals a model of ZFC in which R, 17 and R, 1o
both have the tree property. We also prove that if we strengthen the large cardinal
assumptions, then in the final model N, ;o even satisfies the super tree property.

1. INTRODUCTION

Given a regular cardinal s, we say that x has the tree property when every k-tree
(i.e. every tree of height x with levels of size less than ) has a branch of length x. The
tree property provides a combinatorial characterization of weakly compact cardinals.

Theorem 1.1. (Erdés and Tarski [3]) An inaccessible cardinal is weakly compact if
and only if it satisfies the tree property.

Konig’s Lemma establishes that the tree property holds at Xy. On the other hand ¥,
does not satisfy the tree property (Aronszajn 1934), and for larger regular cardinals
whether they satisfy the tree property depends on the model we are considering, as
the following theorems suggest.

e (Specker [16]) If 7<7 = 7, then the tree property fails at 7.

e (Mitchell [13]) Assume that 7 is a regular cardinal such that 77 = 7 and A is a
weakly compact cardinal above 7, then there is a forcing notion that preserves
cardinals up to 7, turns A into 77 and force the tree property at 7++.

There is a wide literature concerning the construction of models of ZFC in which
distinct regular small cardinals simultaneously satisfy the tree property. We list a few
classical results of that sort.

e (Abraham [1]) Assume GCH and assume that x is a supercompact cardinal
and A > k is a weakly compact cardinal, then there is a forcing notion that
makes k = Ny, A = N3 and forces the tree property at Ny and Nj.

e (Cummings and Foreman [2]) Assume that infinitely many supercompact car-
dinals exist in a model of ZFC + GCH, then there is a forcing notion that
forces a model where the tree property holds simultaneously at every cardinal
of the form Ny, with n < w.

e (Sinapova [15] based on Magidor and Shelah [12]) Assume that a supercompact
cardinal exists in a model of GC'H, then there is a forcing notion that forces

a model where the tree property holds at N,,; and R, is strong limit.
1
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e (Neeman [14]) Assume that infinitely many supercompact cardinals exist, then
one can force a model where the tree property holds at every Ny, for finite n
and at N, with N, strong limit.

e (Friedman and Halilovic [5]) Assume that a weakly compact hypermeasurable
cardinal exists, then there is a forcing notion that forces the tree property at
N, 1o with N, strong limit.

e (Gitik [6]) Assume that there exists an increasing sequence (£, )n<. of cardinals
such that o(k,) = k™" and a weakly compact cardinal A above lim,,, £,
then there is a forcing notion where the tree property holds at N, o with N,
strong limit.

All these results were oriented toward the construction of a model of ZFC where the
tree property holds simultaneously at every regular cardinal; whether such a model
can be found is still an open problem. The consistency of the tree property at N,
and N9 is related to the more general problem of whether the successor and double
successor of a singular cardinal can simultaneously satisfy the tree property. A partial
answer to that problem has been recently provided by Unger [18] who proved the
following.

Theorem 1.2. (Unger [18]) Assume the existence of a supercompact cardinal A and a
weakly compact cardinal p > X in a model V' of ZFC| then there is a forcing extension
of V where X is singular strong limit of cofinality w, the singular cardinal hypothesis
fails at X\, there are no special Aronsajn trees at X* and the tree property holds at \*™.

The property that there are no special Aronszajn trees is a weak version of the tree
property. In this paper we show that one can force from large cardinals the (full) tree
property simultaneously at R, ; and N5, provided we drop the requirement that N,
be strong limit. We also prove that if we strengthen the large cardinal assumptions,
then in the final model we also have the super tree property at N,.5. The super
tree property is a strong version of the tree property that provides a combinatorial
characterisation of supercompact cardinals similar to the characterisation of weakly
compact cardinals discussed above.

Theorem 1.3. (Weiss [19], Jech [7] and Magidor [11]) An inaccessible cardinal is
supercompact if and only if, it satisfies the super tree property.

The definition of the super tree property is given in Section 6. Like the tree property,
several consistency results have been proved for the super tree property at small
cardinals.

(1) (Weiss [20]) Assume that x is a supercompact cardinal, then for every regular
7 < K such that 7<7 = 7, there is a forcing notion (Mitchell forcing) that
preserves cardinals up to 7, turns x into 77 and forces the super tree property
at 77T, In particular for every n < w, one can force from large cardinals the
super tree property at N, o.
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(2) (Fontanella [4]) Assume that infinitely many supercompact cardinals exist in
a model of ZFC +GCH, then there is a forcing notion (due to Cummings and
Foreman) that forces a model where the super tree property holds simultane-
ously at every cardinal of the form N, o with n < w.

Whether one can force the super tree property at N, ,; from large cardinals remains
an open problem.

In Section 2 we introduce some notation and we list some basic results that will
be used in the final proof. Section 3 is devoted to the main properties of our forcing
construction. In Section 4 we show that in the generic extension the tree property
holds at W1, then we show in Section 5 that N, .o has the tree property in the
same model. Finally, we show in Section 6 that if we strengthen the large cardinal
assumptions, then N, ., even satisfies the super tree property.

2. PRELIMINARIES AND NOTATION

The main reference for basic set theory is [8], while we will refer to [9] for large
cardinal notions and to [10] for the forcing technique. Given a forcing P and conditions
p,q € P, we use p < ¢ in the sense that p is stronger than ¢q. Assume that P is a forcing
notion in a model V, we will use V¥ to denote the class of P-names. If G C P is a
generic filter over V, then V[G] denotes the generic extension of V' determined by G.
If a € VP and G C P is generic over V, then a“ denotes the interpretation of a in
V[G]. Every element z of the ground model V' is represented in a canonical way by a
name &. However, to simplify the notation, we will use just z instead of % in forcing
formulas.

Given a forcing P and a cardinal x, we say that P has the k-covering property if P
preserves k as a cardinal and for every filter G C P generic over V, every set X C V
in V[G] of cardinality less than k is contained in a set Y € V of cardinality less than
x in V. We denote by Coll(k, A) the usual Levy collapse of A to k. Add(k, A) is the set
of all partial functions p : A — 2 of size < k&, partially ordered by reverse inclusion.
Add(k) denotes Add(k, k).

Given two forcings P and QQ in a model of set theory V, we recall that P and Q are
equivalent when

(1) for every filter Gp C P which is generic over V, there exists a filter Gg which
is generic over V and V|[Gp| = V[Gg];

(2) for every filter Gy C Q which is generic over V| there exists a filter Gp which
is generic over V and V[Gg| = V[Gp|.

To prove that two forcings P and QQ are equivalent it is enough to define a dense
embedding i : P — Q, i.e. an order preserving map such that Im(i) C Q is dense and
for every p,q in P, if p and ¢ are incompatible, then i(p) and i(q) are incompatible in

Q.
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Definition 2.1. Let P and Q be two forcings with greatest elements 1p and 1g respec-
tively. Then w : P — Q is a projection if and only if
(1) 7 is order preserving,

(2) m(1p) = Lo
(3) for every p € P and for every q < w(p) there exists p' < p such that ©(p’) < q.

If 7 : P — Q is a projection, then we can factor forcing with P as forcing with Q
followed by forcing with {p; m(p) € H} over the Q-generic extension V[H].
We present now a few lemmas that will be used in later sections.

Lemma 2.2. (Easton) Let k be reqular. If P is a k-c.c. forcing and Q is a k-closed
forcing, then the following hold:
(1) kg P is k-c.c.;
(2) IFp Q is k-distributive;
(3) if G C P is a generic filter over V and H C Q is a generic filter over V, then
G and H are mutually generic over V;
(4) P x Q has the k-covering property, i.e. for G and H as in 3, if X € V[G][H]
is a set of ordinals of size < k in V|G|[H], then there is Y D X in V of size
less than k in V;
(5) if R is a k-closed forcing, then IFpyg R is k-distributive.

Proof. (sketch)

(1) Let A be a Q-name for an antichain of size & in P. We can build a decreasing
sequence (Ga)acx Of conditions in Q such that g, decides the a-th element of
the antichain to be some element p, of P. Then the p,’s form an antichain of
size k in V', contradiction.

(2) Let X be asequence of ordinals of length < & in a forcing extension V[Gg x Gp]
where (g is generic for Q over V' and Gp is generic for P over V. By the previous
claim, X has a P-name X of size < & in V]Gg]. As Q is k-closed, X belongs
to V, hence X € V[Gp].

(3) It follows from the previous claims that every maximal antichain A of P in
V[H] has size < k, so Aisin V.

(4) By the distributivity of Q in V[G], we have X € V[G]. As P is k-c.c. we get
the result.

(5) By the previous claims, R x Q is k-distributive in any generic extension V[Gp]
by P.

O

We say that k is indestructibly supercompact when it is supercompact and its su-
percompactness is preserved in any forcing extension by a x-directed closed forcing.

Lemma 2.3. (Neeman [14] based on Abraham [1]) Let V- C W be two models of set
theory and let T < Kk be such that
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(1) every set of ordinals of size < k in W is covered by a set of ordinals of size
<Kk inV;

(2) In'V, Kk is inaccessible and T is regular;

(3) Kk, T remain cardinals in W.

Let P be a forcing notion in V' whose conditions are functions of size < T in 'V ordered
by reverse inclusion. Then every family F of conditions of P of size k in W can be
refined to a family of the same size that forms a A-system.

Proof. Let # = {ps}a<x be a family of conditions, we fix 6 large enough for the
following argument. For stationary many M < Hjy of size x there exists a set X, € M
of size < k such that pyn. N M C X,;. By Fodor’s theorem the function M +— X, is
constant on a stationary set S. Let X be such that X, = X for every M € S. As X
has size < k, it is covered by a set Y € V of size < k in V. So for every M € S, we have
PrneNM € [Y]<7. As |Y] < k and & is inaccessible in V, the set ([Y]<7)Y has size < &
in V hence in W. It follows that there is a function ¢ C Y such that pyn. "M = g
for every M in a cofinal set S” C S. Let #' := {pyrw; M € S'}, then .Z’ forms a
A-system with root ¢. Indeed, given M, M’ € S’, we can find M” € S’ containing
both pyrne and prrne as subsets, then Py N Parae = Parns N Purns N M” = ¢, hence
Pyns and pyrn. are compatible. O

Lemma 2.4. (Magidor Shelah [12]) Assume that X is a singular cardinal of countable
cofinality and T is a X" -tree. If R is an w-closed forcing, then R does not add cofinal
branches to T.

Proof. Suppose for a contradiction that b is an R-name for a new cofinal branch. We
inductively define a sequence (r,),ex<e of conditions in R such that:

(i) if 01 C o9 in A<Y, then r,, < r,, in R;

(ii) given o € A<, for every pair oy, 09 of distinct immediate extensions of o, there
exists an ordinal a,, ,, such that r,, and r,, force contradictory information
about b N Lev,,, ,, (i.e. there are a; # ap in T such that r,, I+ a; € b for
i€ {1,2}).

Let 8 be the supremum of all the ordinals oy, 5, so defined. By the closure of R, we
can find for every f € A¥, a condition 7 stronger than every condition in the sequence
(rsin; m < w) and such that 7 determines b N Levg. By construction, for every two
distinct f, g in A, the conditions r; and r, force distinct values for bN Levg. It follows
that |Levg| > A\*, contradicting the assumption that 7" is a A*-tree. O

Lemma 2.5. (Unger [17]) Let P be a forcing notion such that P x P is k-c.c. Then
P has the k-approximation property, i.e. given a set of ordinals A in a P-generic
extension V[G], if ANz €V for every x € V of size < k, then A € V.

Proof. Suppose for a contradiction that for some ordinal 7 there exists a P-name A
such that ‘ ‘ .
Fp ACT, Ve e[r]™"(ANzeV)and A ¢V
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We inductively define conditions (p?, p})i<. in P x P, sets (d?,d});-, in [7]<" and a
C-strictly increasing sequence (x;);<, in [7]<* such that

(1) for e € {0,1}, ps - AN = d;
(2) dg # dil and d? N (Uj<i xj) = dzl N (Uj<i :ch)

Suppose we have constructed (p?, pj)ic;, (d9,d})i<; and (x;);; successfully. Let z :=

177

U< ;x; and let p be any condition in P deciding the value of ANz to be some set

d € [r]F. As A does not belong to V, we can find p?,pjl- < p, distinct dg, d} and x; D x
such that ps I+ Aﬁxj = d; for ¢ € {0,1}. Then p; lkHd = Anz = d> Nz hence
d?ﬂx:d:d;ﬂx.

Now we claim that (p?, p} )<, is an antichain, contradicting the k-chain condition at
PP x P. Suppose that for some i < j, the conditions (p{, p;) and (p}, p;) are compatible.
Then d} Na; = dj and dj Nx; = d;. By construction, dj N (U, 1) = dj N (U,; 20),
in particular dj N z; = dj N z;, contradicting d # dj. O

Lemma 2.6. (Silver) For a regular cardinal X let T' be a A-tree. Assume that P is a
k1 -closed forcing where Kk < X and 2% > X, then every cofinal branch trough T in a
generic extension V|G| by P is already in V.

Proof. We may assume that  is minimal with 2 > A. Suppose for a contradiction
that there exists a P-name b for a new cofinal branch. We can build by induction for
each s € =¢2 conditions ps and nodes x, such that

(1) if s properly extends ¢, then ps < p; and x5 > 4

(2) ps Ik zs € b;

(3) for each «, the nodes {xg; s € “2} are all on the same level, say 1,;
(4) for every s € <#2, the nodes x4-¢ and z.; are incomparable.

By the minimality of s, for every a < k the set {xs; s € *2} has size less than A, so
we can choose 7,41. The closure of P guarantees that the construction works at limit
stages. This leads to a contradiction, because the level 7, of T" must have fewer than
A elements, yet we have constructed 2% many distinct ones. O

A generalisation of this lemma gives us the following result.

Lemma 2.7. (Weiss [19, Proposition 2.1.12]). Let  be a regular cardinal and 6 > k
be any ordinal. Assume that Q is an n*-closed forcing with n < k < 2", then Q has
the thin k-approzimation property, i.e. if b is a Q-name for a subset of 0 and for
every © € [0]<%, we have kg bNz €V and {y Cz; 3¢ € Q(qIFy =bN )} has size
less than k, then lFg b e V.

The proof of such a lemma is obtained by a modification of the proof of Silver’s
lemma above. See Weiss [19] for more details.
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3. THE MAIN FORCING

We fix an increasing sequence (k,,)n<, of supercompact cardinals such that each &,
is indestructible by x,-directed closed forcings. Let A\ := lim,,,, k,, we assume that a
weakly compact cardinal p exists above .

Consider the product C := [],_, ., Coll(kn, < Kn41). Observe that for every m < w,
we can write C as a product of a k,,-Knaster forcing C,, := [] Coll(kp, < Kni1)
with a k,,-directed closed forcing C™ :=[], -, Coll(ky, < Kpt1).

Assume that I := {v < kq; v is a singular strong limit cardinal of cofinality w}, we
let

n<m

S = Z Coll(w, v) x Coll(v, < ko)
vel
that is, a condition of S is of the form (v, a,b) where v € I and (a,b) € Coll(w, V) x
Coll(vt, < ko), or it is the maximal element 1s. We have (v,a,b) < (V/,d,) if and
onlyifv=v,a<d and b <.

We denote by A the poset Add(kg, A) and for every X C A, we let A [ X be the
set of all functions f | X for f € A. For a between A\* and p, we let Q(a) be an
A | a x C; x S-name for the poset that adds a A™-Cohen subset to A™. To force the
tree property at N,; and N, we will use the following poset.

Definition 3.1. M is a forcing notion whose conditions are tuples (p, ¢, s, q) such that
(1) p e A
(2) ce Cy
(3) se€S
(4) q is a function of size < X\ such that every a € dom(q) is a cardinal between
AT and p, and IFapaxc,xs qla) € Q(a).
We let (p,c,s,q) < (p/,,s,¢) iff p <p,c<, s <s, dom(q) C dom(q) and for
every o € dom(q'), (p | «, 8) IF qg(a) < ¢ ().

Definition 3.2. We define Q as the poset of all functions q such that (0,0, 1s, q) is
a condition of M. The ordering on Q s defined by

q < q/ <~ (Oa O) ]-Sa Q) < (07 07 ]-S) q/>
We list some basic properties of M.

Lemma 3.3. The following hold for M.

(1) M is a projection of A x C; X S x Q;

(2) Q is AT -directed closed;

(3) assume that G4 C A, Gey C Cy, Gs €S and Gg C Q are generic filters over
V, then every sequence of ordinals of length less than k1 in V|G 4 X Gop X Gg X
Gl belongs to VG4 x Ger x Ggl; if the sequence has length less than kg, then
it belongs to V[Gg].

(4) M has the k,-covering property, for every n < w;
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(5) M preserves every k,, hence it preserves X;

(6) M preserves \*;

(7) M is p-c.c., hence it preserves u;

(8) M collapses every cardinal between \* and p, and it makes 250 = 2% = \*+ =
;

(9) M turns ko into Ny.

Proof. Similar properties are satisfied by the usual Mitchell forcing and the same
arguments apply to M. So we give just a sketch of the proof of this lemma; for more
details the reader can see [13].

(1) The identity map is a projection of A x C; x S x Q on M.

(2) Given a sequence (g;);<» of pairwise compatible conditions in Q, we can define
a lower bound ¢ by letting dom(q) := |J,_, dom(g;) and by taking, for every
a € dom(g), an A [ a-name ¢(a) for the union of all ¢;(«)’s such that o €
dom(g;).

(3) As A x C; x S is kj-c.c., while Q is k;-closed, the first part of the statement
follows directly from Easton’s Lemma. For the second part, assume that X
is a set of ordinals of size < ko in V[G4 x Ge1 X Gg x Gg|. The generic
G selects some v € [ such that the conditions in Gg all belong to S, :=
Coll(w,v) x Coll(v™, < kg). Easton’s Lemma implies that S, is k¢-c.c. in
VG4 x Ger X Gg), therefore X has an S,-name X of size < kg in this model.
By the closure of A x C; x Q, we have that X belongs to V, hence X belongs
to V[Gs]

(4) As M is a projection of A x C; x S x Q, it is enough to prove that this product
has the k,-covering property for every n < w. If n > 1, then this follows
immediately from Easton’s Lemma, as A x C; x S is k,-Knaster and Q is
kp-closed. For n = 0, assume that W := V[G4 X G¢1 x Gg x Gl is a generic
extension of V' via the product A x C; x S x Q. In this model, we assume
that X C 7 is a set of ordinals of size v < k. By the previous claim, we have
X € V[Gg]. The filter G selects a v € I such that all conditions of G are in
S, := Coll(w, v) x Coll(v*, < Kg). As this forcing is ko-c.c., we can find a set
Y € V of size less than kg such that X is covered by Y in V[Gg].

(5) This is a direct consequence of Claim 4.

(6) Suppose for a contradiction that forcing with M collapses AT to have cofinality
below A, then for some n < w, M adds a set of ordinals of size < k,, cofinal in
AT. By Claim 4, this set is covered by a cofinal set of size < k,, that lives in
the ground model, contradicting the fact that A" is regular in V.

(7) We show that M is even p-Knaster. Let ((p;,c¢i, Si,Gi))i<, be a sequence of
conditions in M. As p is an inaccessible cardinal and the conditions of M
are tuples of functions of size less than u, a standard application of the A-
system lemma gives us a subsequence {((p;, ¢;, S;, ;) )ier+ of pairwise compatible
conditions with I* C u cofinal.
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(8) For every v between AT and pu, the forcing A | v makes 2 > ~ (because
2* > 2%0 and the forcing adds y-many subsets of g) hence introducing a A\*-
Cohen subset of A™ over its generic extension collapses v to A*. It follows that
1 becomes the double successor of A and 250 = 2} = \T+ = 4.

(9) Forcing with S collapses some v to w and it collapses all cardinals between v+
and Kg.

O

We want to force with M x C!. By Lemma 3.3, the x,,’s, A and A" are preserved
by such a product. Moreover, if V[Gy x G¢] is an Ml x C!-generic extension, then in
V[Gy X Ge] we have K, = X, 10, A = N, AT =N, 1 and p = R, ;5. We are going to
prove that there exists an M x C'-generic extension in which the tree property holds
simultaneously at N,,; and X, 5. Note that M x C! is a projection of

R:=AxSxQxC.

We want to analyse the quotient R/(Gs X G¢), where Gy and G¢ are generic filters
for M and C! respectively.

Remark 3.4. If Gy and Gg are generic filters for M and C! respectively, then
R/(Gar x Ge) is forcing equivalent to Q(Gyr) = {q € Q; (0,0, 1s,q) € Gy} ordered
as a subposet of Q.

Lemma 3.5. The quotient R/(Gyr x G¢) is forcing equivalent to an wy-closed forcing
m V[GM X Gc]

Proof. By Remark 3.4, the quotient is forcing equivalent to Q(Gjs). We prove that
such a forcing is wy-closed. Let (¢,)n<, be a decreasing sequence of conditions of
Q(Gy) in V[Gy x Gel. By Lemma 3.3 (3) the sequences already exists in the S-
generic extension V[Gg] determined by Gy x Go. We let s be an S-name for such a
sequence. Working in V, we define a condition ¢ € Q as follows. We let the domain of
g be the set of all v that potentially belong to the domain of some ¢g,,. As S is A™-c.c.,
the domain of ¢ will have size at most A. For every v € dom(q), we have

IFatyxcixs (3(n)(7))ner, is decreasing

where I, is the set of all n < w such that IFayxc,xs 7 € dom(s(n)). (if g, x Go1 X Gg
is the generic for A | v x C; x S derived from G, then $(n)9*%s = ¢,). So we can
fix an A [ v x C; X S-name ¢(7) such that

”_APyX(ClXS Q(7> = U S(”)(V)

nely

In V[Gy X Gel, the condition ¢ must belong to Q(Gyy), because (0,0, 1s, q) is the
weakest lower bound of the (0,0, 1, g,)’s that all belong to G, by hypothesis. This
completes the proof of the lemma. [l
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We need to look at the forcing obtained when we factor M over one of its initial
segments. Let § be between A* and g and consider the projection 75 : M — M |
given by restriction. ms is a projection, so if G is generic for M [ 8 over V, then
forcing with M can be regarded as first forcing with M | 5, then with

M7 :={(p.c,5,0) €M; (p [ Bc,s,q 1 B) € G},
ordered as a subposet of M.
We let

Q%= {g; (0,0,15,q) € Gz}
Lemma 3.6. Let 8 and G as above, and let Go be a generic filter for C' over V.
The following hold in V[Gsz x G¢]
(1) M? is a projection of A(kg, 1\ B)Y x QF;
(2) QP is forcing equivalent to the forcing
Q" :={qgeQ’ ¢ =10}
(3) Q° is k¢ -closed.
Proof. We take each claim in turn.

(1) The map (p,q) — (p,0, 1g, q) defines a projection of A | (u\ )" x Q° on MP.

(2) Assume H is generic for Q% and let H be H NQ”. Then for every dense set D
on Q°, the set D of all conditions ¢ € Q7 such that ¢ | [3, u[€ D, is a dense
subset of Q°. Therefore H is generic for Q°. Conversely, if H is generic for Q°,
then take H to be the set of all ¢ € Q° such that q | [3, u[€ H; if D is a dense
subset of Q°, then the set D of all restrictions g | 3, u[ for ¢ € D is a sense
subset of QF, thus H is generic for Q.

(3) Let gg x h x k be the A | 3 x C; x S-generic filter derived from Gg. As Q x C!
is kg -closed in V and A x C; x S x C! is k¢ -c.c., Easton’s Lemma implies that
every ko-sequence of ordinals in V[Gg x G¢| belongs to V[gg x h x k]. It follows
that if (¢)a<s, 15 a decreasing ko-sequence of conditions of Q° in V[Gjs x G¢l,
then such a sequence belongs to V[gs x h x k]. Working in V' we are going
to define a condition ¢* € Q whose domain is the set of all v > 3 that are
potential elements of the domain of some ¢,; as A x C; x S has the A\*-chain
condition, the domain of ¢* will have size at most A. Let s bean A | B xC; xS-
name for the sequence (q,)a<n,- For every v > 3, the A [ f x C; X S-name $
can be considered also as an A [ v x C; x S-name. We let

L, :={a < X; IFapyxeixs 7 € dom(s(a))}
Assume that [, is non empty, then
IFapyxcixs § | I, is a decreasing sequence of conditions in Add(A™).

So we can find an A [ 7 x C; x S-name ¢*(y) for the union the $(«)’s. Now
we work in V[Gg x G¢]. By construction, the condition ¢* is a lower bound for
the sequence (¢u)a<x, and (0,0, 1s,¢*) | B € G4, thus ¢* belongs to Q°.
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4. THE TREE PROPERTY AT N,

In this section we prove that there exists an M x C!-generic extension, in which R ;
has the tree property. So, first we are going to prove that there exists an R-generic
forcing extension of V' in which Y, has the tree property, then we derive from this
model an M x C!-generic extension in which the tree property holds at N,;.

We will make use of the notion of system that was introduced by Magidor and
Shelah in [12].

Definition 4.1. (Magidor and Shelah [12]) Let D be a set and T a cardinal. A system
over D X T is a collection of transitive, reflexive relations { R;}ier on D X T such that:

(1) if (a,¢) Ri (B,m) and (a,C) # (B,n), then o < f;

(2) if (v, o) and (aq,C1) are both below (B,n) in R;, then (ag, () and (ay, (1)
are comparable in R; (by condition (1) this implies that (ag, (o) Ri (a1, (1) if
ag < aq, (a1, G) By (o, m0) if an < o, and o = G if ag = an);

(3) for every o < B both in D, thereisi € I and (,n € T such that (o, ) R; (B, 7).

For a system Z := {R;}icr over D X 7, a node of # is an element of D x 7. For
every a € D, the a-th level of Z, denoted Lev,(Z), is the set {a} x k.

Definition 4.2. (Magidor and Shelah [12]) Let { R; }icr be a system on D x 1. A branch
through some R; is a partial function from'b : D — T such that for any € dom(b) and
any o < B in D, o € dom(b) if and only if there exists ¢ such that (o, () R; (8,b(5))
and b(«) is equal to the unique ¢ witnessing this (C is unique by condition (2) of the
definition of system). We say that b is a cofinal if dom(b) is cofinal in D.

We are now ready to prove the main result of this section.

Theorem 4.3. There exists an R-generic extension of V' in which X1 has the tree
property.

Proof. We fix generic filters G4 C A, Gg € Q and G¢ C C! over V, and we let
W = V[G4 x Gg x G¢|. Suppose for a contradiction that there is no R-generic
extension where N, has the tree property. Then we can fix an S-name 7" such that

IFY T is a AT-Aronszajn tree

(R forces At = R,11), and we can assume that 7" is a name for a subset of A* x .
We prove the following.

Claim 4.4. In W there exists a cofinal subset J C AT and a natural number n such
that for every o < B in J we can find (,n < Kk, and a condition of S that forces

(@, ¢) < (B,m)-
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Proof. The supercompactness of kg is indestructible by directed closed forcings and
A x Q x C! is k¢ -directed closed, so kg is supercompact in W. Let j : W — N be a
At-supercompact embedding with critical point ky. We work in . By elementarily,
we have that j(7') is a j(S)-name for a j(A\)T-Aronszajn tree. In particular

(N, 0,0) ks j(T) is a j(\)*-Aronszajn tree.

Let «v* be sup j[AT], then * is an ordinal below j(A™). Using the closure of Coll(A1, <
J(ko)), we can inductively define for every o < AT, a condition s, € j(S) of the form
(A, Gy by ), a natural number n, and an ordinal (, < j(kn,) such that (ba)a<r+ 18
decreasing in Coll(A1, < j(ko)) and

s b (4(a), Ca) <y (77, 0)-

The map « — n, must be constant on a cofinal subset J C A\*, so there is n < w
such that n, = n, for every a € J. By shrinking J, we can assume that for some
a € Coll(w,\), we have a, = a for every a € J. We prove that J and n are as
required. Given a < 8 in J we have sz = (A, a,b3) < (A, a,b,) = sS4, hence sz forces
that both (j(«),(s) and (j(B),(s) are below (v*,0). This implies

sg b (J(a), Ca) <jy (G(B). Co)-
By elementarily, there exists a condition s € S and two ordinals (,n < k,, such that
st (@,0) <q (B.m). O

Now we prove the following.

Claim 4.5. In W there is a condition s € S and a function f:J — k, with J' C J
cofinal such that for oo < 8 in J*, we have s - (a, f(a)) <z (B, f(B)).

Proof. Let m := n+2. We can write G¢ as a product G,,, x G™ where G,, is generic for
C,, over V and G™ is generic for C™ over V. As G? and G™ are generic for x; -directed
closed forcings (Q is even A\T-directed closed) and &, is indestructibly supercompact,
we can fix a AT-supercompact embedding j : V[Gg x G™] — N with critical point
Km. An application of Lemma 2.3 shows that A x C,, is k,,-Knaster in the model
VIGg x G™]. It follows that j | (A x C,,) is a complete embedding from A x C,, to
J(A x C,,). So we can force with Add(ko, j(p) \ 7[p]) X Coll(Kpm—1, < J(Km) \ Km) Over
W to get a j(A x C,,)-generic filter H4 x H,, such that j[Ga x G,,,] € Hy X H,,. Then
j lifts to an embedding j*: W — N[H4 x H,,| that we rename j.

We consider an ordinal 6* € j(J) such that §* > sup(j[A*]). By elementarity, we
can find for every o € J, two ordinals (,, 7, < k, and a condition s, € j(S) = S such
that s, IFs (7(a), Ca) <y (6% 7a)-

In W we can define, for every s € S, an order R, on J X k,, by letting

(@, Q) Be (B,m) <= sl (,¢) <z (8,n).

Then { R, }ses is a system in W. Working in N[H4 x H,,], we define for every s € j(S)
and 1 < Ky, aset by, == {(a, () € J X Ky} s lbjs) (F(a), () <z (6%,m)}. Note that
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every by, is an R,-branch. Consider the function o — ((a,7a, Sa), the number of
possible tuples (¢, 7, s) in the range of this function is at most x,. (because S has size
Ko in N[Hy x Hp,]). Forcing with Add(ko,j(p) \ jlg]) x Coll(km-1,< j(Km) \ Km)
collapsed AT to have cofinality K,,—1 > K,, so we can find a cofinal set J* C J, a
condition s* and ordinals (*,n* < k, such that for every a € J* we have (* = (,,
n* = 1o and s* = s,. Therefore b* := by« is a cofinal Rg--branch for the system
{Rs}ses. We prove that a cofinal branch for the system {R,}cs already existed in W.
Note that b* is a function from A" to x,. Work in W, for every o € J, we can find
a condition (p,,cs) of Add(ko,7(p) \ jlu]) x Coll(km-1,< j(Kkm) \ Km), & condition
to € S and an ordinal f(a) < k, such that (pa,cq) IF " =ty A b (@) = 4. As
Add(kro, j () \ j[p]) x Coll(Km—1,< J(Km) \ £m) is AT-Knaster in W, there exists a
cofinal set J' C J such that the conditions in (py, ¢4 )acs are pairwise compatible. As
At is regular in W and S has size kg, by shrinking .J’ we can assume that there exists
a condition ¢t € S such that t, =t for every a € J'. Then for every a < 3 in J', the
condition (pq, ¢, ) forces that

tlks (a, f(a)) <4 (B, £(B).

Hence we proved that in W there is a condition ¢ that forces (a, f()) <4 (8, f(5)).
That completes the proof of the claim. O

Solet s € Sand f : J' — K, be a condition as in the conclusion of the previous claim.
Then s forces that f is a cofinal branch for T, contradicting IFY" T is Aronszajn. O

Corollary 4.6. There exists an M x Ct-generic forcing extension of V' in which R4,
has the tree property.

Proof. Apply Theorem 4.3 to get a generic filter Gg for R over V such that the
tree property at N, holds in V[Gg]. As M x C! is a projection of R, the filter G
determines a generic filter G yr x G¢ for Mx C! over V such that V|G x Ge] C VI[GR].
Let T be an N, i-tree in V|G x G¢l, then T has a cofinal branch b in V[Gg]. By
Lemma 3.5, the quotient R/(Gys x G¢) is wy-closed, so we can apply Lemma 2.4,
hence b belongs to V[Gyr x G¢l]. So we have proved that in the model V|G x G,
the tree property holds at N, ;. 0

5. THE TREE PROPERTY AT N, o

In this section we prove that in any M x C!-generic extension, X, o has the tree
property.

Theorem 5.1. M x C! forces the tree property at N, .

Proof. Ml x C! makes j = N ;5. Suppose for a contradiction that there is a condition
r € M x C! and a name T such that

rI- T is a pu-Aronszajn tree.
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We can assume that the nodes of 7" are pairs of ordinals in g x A*, therefore T CV,.
Let D be the club of all ordinals a < p such that r forces (T'NV,)% = T | . The
structure (V,, €, M x C!, I, 7, ) models the IT}-statement “for all X, if X is a M x C'-
name, then for all s < r in M x C!, s forces that X is not a cofinal branch for T,
Since p is weakly compact, there exists an inaccessible cardinal @ < p in D above A
such that (Vj, €, (M x C) N V,,IF, 7,7 NV,) models the same statement. Note that
(MxCHNV, =M | axC. Let Gy x G¢ be a generic filter for Ml x C! that contains
r and let G, be the generic filter for M | « derived from Gj;. In V|G, x G¢] we have
o = AT and, by our assumption on «, the tree T, := (7'N V,)%**G¢ has no cofinal
branches. In V[G); x G¢] the tree T := TE*C¢ is a p-tree and T' | o = T}, Therefore,
if we consider a node t € T on level «, the set of all its predecessors determines a
cofinal branch b for T,. We show that b belongs to V[G, x G¢|, that will lead us to
a contradiction. V|G x G¢] is a M*-generic extension of V|G, x G¢|, we are going
to prove that M* could not add cofinal branches to T,,. By Lemma 3.6 this forcing is
a projection of Add(kg, pt\ @)V x Q* where Q“ is a g -closed forcing in V[G, x G¢|.

Let G§ be a generic filter for Add(ko,j(p) \ j[u])V over V[G,] and G a generic
filter for j(Q)* over V|G, x G¢] such that V|G x Geo] C V[G, X Gol[Gy x G7] =
V[Ga x Gol[GY][GE].

An application of Lemma 2.3 shows that the poset Add(kg, i\ )" x Add(kg, '\ )"
is k1-c.c. in V[G, X G¢][G5]. In particular, such a forcing is AT-c.c. in that model.
The filter G collapses p to have cofinality AT and b is p-approximated. It follows by
Lemma 2.5 that Add(ko, #\ @)¥ could not add b, hence b belongs to V[G,, x G¢][G7].

In V|G, x Ge], we have a = AT = 270 and Q* is kg -closed in that model. Tt follows
by Lemma 2.6 that b € V[G, x G¢], contradicting the fact that T, is Aronszajn in
that model. 0J

This implies the main result of this paper.

Corollary 5.2. There exists an M x C'-generic forcing extension of V in which both
N1 and N, o have the tree property.

Proof. Apply Theorem 4.6 to get a M x C!-generic extension in which the tree property
holds at W,,1. By Theorem 5.1 the tree property holds at ¥, in that model. U

6. THE SUPER TREE PROPERTY AT N_ o

The super tree property concerns special objects that generalise the notion of k-tree,
for a regular cardinal k.

Definition 6.1. Given a regular cardinal k > wq and an ordinal 0 > k, a (k,0)-tree
15 a set ' satisfying the following properties:

(1) for every f € F, f: X — 2, for some X € [0]<"
(2) for all f € F, if X C dom(f), then f | X € F;
(3) the set Levx(F) :={f € F; dom(f) = X} is non empty, for all X € [0]<";
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(4) |Levx(F)| < &, for all X € [0]<"

As usual, when there is no ambiguity, we will simply write Lev x instead of Lev x (F).
In a (k,6)-tree, levels are not indexed by ordinals, but by sets of ordinals. So the
predecessors of a node in a (k, §)-tree are not (necessarily) well ordered and a (k, 0)-
tree is not a tree.

Definition 6.2. Given a reqular cardinal kK > wy, an ordinal 0 > k and a (k,0)-tree
F

(1) a cofinal branch for F is a function b: 0 — 2 such that b | X € Levx(F), for
all X € [0]<"

(2) an F-level sequence is a function D : [0]<" — F such that for every X € [0]<"
D(X) € Levx(F);

(3) given an F-level sequence D, an ineffable branch for D is a cofinal branch
b: X\ — 2 such that {X € [0]<"; b | X = D(X)} is stationary.

Definition 6.3. Given a regular cardinal Kk > wy and an ordinal 0 > K,

(1) (k,0)-1TP holds if for every (k,0)-tree F' and for every F-level sequence D,
there is an an ineffable branch for D;

(2) we say that K satisfies the super tree property if the (k,0")-ITP holds, for all
0 > k.

For a more extensive presentation of this property, the reader can consult Weiss’
Phd thesis [19]. Now we show that if u is supercompact, then M x C! forces a model
of the super tree property at N, o.

Theorem 6.4. In the situation of Section 3 assume that p is supercompact, then
M x C! forces the super tree property at N, o.

Proof. Let Gy C M and G¢ be generic filters over V. In VG x G| we have pn = Ny 19
so we want to show that the super tree property holds at p. Let F' be a (u, 6)-tree in
V|G x Ge] and let D be an F-level sequence. As p is supercompact in V, there exists
an elementary embedding j : V — N with critical point u, with j(u) > p’ and such
that N is closed under sequences of length p’. The product C! has size less than ,
so j(C') = C! and j(G¢) = Ge¢. Note that j(M) | u = M. As M satisfies the p-chain
condition, j [ M is a complete subforcing of j(M). Therefore, forcing with j(M) over
V, we can find a generic filter G, such that j[G] € G3;. Then we can lift j to an
embedding j : V[Gyr x G¢| = N[G%; x G| that we rename j.

We show that D has an ineffable branch in V[G%, X G¢]. Now j(F) is a (j(u), j(0))-
tree and j(D) is a j(F)-level sequence. We have j[0] € [j(0)]<7™, so j(D)(j[0
defined and we denote it by f. Let b : § — 2 be the function defined by b(«) := f(j()).
Then b is an ineffable branch for D, otherwise there is a club C' C [#]<* in V[G}, X
such that b | X # D(X), for all X € C. By elementarity,

J(b) T X # 5(D)(X),
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for all X € j(C). However, j[0] € j(C) and j5(b) | j[0] = f = j(D)(j[0]), that leads us
to a contradiction.

So an ineffable branch b for D exists in V|G, X G¢]. We want to show that b belongs
to V[Gy x G¢l. For that we need to prove that j(M)/G could not add this branch.
By Lemma 3.6 this forcing is a projection of Add(rq, 7(u)\j[u])" x 7(Q)* where j(Q)*
is forcing equivalent to a kg -closed forcing in V[Gy x G¢| that we denote by 7(Q)".
Let G € Add(ko, j(p) \ j[u])" and G* C 5(Q)" be generic filters over V|G x Gl
such that V[G3; X Go] C V[Gu X Gel[GE x Gi] = VIGu x Gol[GH][Ggl-

Lemma 2.3 implies that Add(rg,j(u) \ 7[u])¥ x Add(kg,7(u) \ j[u])V is AT-c.c. in
VG x G¢l[G7]. Moreover, the filter G collapses p to have cofinality A™ and b is
p-approximated, so we can apply Lemma 2.5, thus Add(rq,j(x) \ j[u])¥ could not
add b. So we proved that b belongs to V|G x G¢l[GF.

In V[Gy % Ge], we have = ATt = 2% and j(Q)" is ki -closed. So we can apply
Lemma 2.7, hence the branch b belongs to V[G]. That completes the proof of the
theorem. O

Corollary 6.5. Assume that ZFC' is consistent with the existence of a supercompact
cardinal, then ZFC is consistent with the super tree property at N,.o plus the tree
property at V1.

Proof. Apply Theorem 4.6 with p supercompact to get a M x Cl-generic extension
in which the tree property holds at V... By Theorem 6.4 the super tree property at
N, 12 holds in that model. O
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