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ABSTRACT. The infinite pigeonhole principle for 2-partitions (RT%) asserts the existence, for
every set A, of an infinite subset of A or of its complement. In this paper, we study the infinite
pigeonhole principle from a computability-theoretic viewpoint. We prove in particular that
RT3 admits strong cone avoidance for arithmetical and hyperarithmetical reductions. We also
prove the existence, for every A2 set, of an infinite low,, subset of it or its complement. This
answers a question of Wang. For this, we design a new notion of forcing which generalizes the
first and second-jump control of Cholak, Jockusch and Slaman.

1. INTRODUCTION

In this paper, we study the infinite pigeonhole principle (RT4) from a computability-theoretic
viewpoint. The infinite pigeonhole principle asserts that every finite partition of w admits an
infinite part. More formally, RT,%/, is the problem whose instances are colorings f : w — k. An
RT-solution to f is an infinite set H C w such that |f[H]| = 1. The general question we aim
to address is the following:

Question 1.1. Does every instance of RT; admit a “weak” solution?

We consider various notions of weakness, among which the inability to bound a fixed non-zero
degree for the Turing, arithmetical and hyperarithmetical reduction. This property is known
as strong cone avoidance. We also study restrictions of the infinite pigeonhole principle to AY
instances. Our main theorems are:

Theorem 1.2 (Main theorem 1) Let B be non (hyper)arithmetical. Every set A has an infinite
subset H C A or H C A such that B is not (hyper)arithmetical in H.

Theorem 1.3 (Main theorem 2) Fix n > 1. Every AY set A has an infinite subset H C A or
H C A of low,, degree.

Our motivation comes from reverse mathematics. Reverse mathematics is a foundational
program which aims to find the weakest axioms needed to prove ordinary theorems. The early
reverse mathematics showed the existence of an empirical structural phenomenon, in that most
theorems are provably equivalent to one among five main systems of axioms, linearly ordered
by the logical implication. See Simpson’s book [25] for a reference on reverse mathematics.
However, some natural statements escape this structural phenomenon, the most famous one
being Ramsey’s theorem for pairs (RT3). Given a set X, let [X]™ denote the set of unordered
n-tuples over X. Ramsey’s theorem for n-tuples and k-colors (RT}) asserts the existence, for
every coloring f : [w]” — k, of an infinite set H C w such that |f[w]”| = 1. In particular, RT},
is the infinite pigeonhole principle.

Ramsey’s theorem for pairs and two colors received a lot of attention from the computability
community as it was historically the first example of statement escaping the structural phe-
nomenon of reverse mathematics. The study of RT% revealed a deep connection between the
computability-theoretic features of RT% and the combinatorial features of RT,IC. More precisely,
almost every proof of a statement of the form “Every computable instance of RT,2§ admits a
weak solution” can be obtained by a proof of the statement “every (arbitrary) instance of
R'I'/ll€ admits a weak solution”, with the help of very weak computability-theoretic notion called
cohesiveness. This is in particular the case for cone avoidance [24, 6], PA avoidance [12],
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constant-bound trace avoidance [13], preservation of hyperimmunity [20], and preservation of
non-c.e. definitions [31, 19], among others. In many cases, the combinatorial features of RT}C
and the computability-theoretic features of RT% can be proven to be equivalent. See Cholak
and Patey [3, Theorem 1.5] for an equivalence in the case of cone avoidance. It therefore seems
essential to obtain a good understanding of the infinite pigeonhole principle in order to bet-
ter understand why Ramsey’s theorem for pairs escapes the structural phenomenon of reverse
mathematics.

1.1. Strong cone avoidance

Given a partial order <, on 2* and a set X, we let deg,(X) = {Y : X =, Y} be the
degree of X, where X =, Y if X <, Y and Y <, X. We are in particular interested in the
case where <, is among the Turing reduction <7, the arithmetical reduction <,,;;;, and the
hyperarithmetical reduction <p,,. Given a mathematical problem P formulated in terms of
instances and solutions, it is natural to ask which sets are P-encodable. Here, we say that a set
X is P-encodable if there is an instance I of P such that for every P-solution Y to I, X <, Y.
Some problems are very weak with respect to the order <,, and satisfy the following property:

Definition 1.4 (Strong cone avoidance). A problem P admits strong cone avoidance for <, if
for every pair of sets Z and C such that C' £, Z, every instance X of P admits a solution Y
such that C £, Z &Y.

Dzhafarov and Jockusch [6] proved that RT) admits strong cone avoidance of the Turing
reduction. Their theorem has practical applications, and yield a simpler proof of Seetapun’s
theorem [24]. We prove a similar result for arithmetical and hyperarithmetical reductions.

Theorem 1.5 (Main theorem 1) RT} admits strong cone avoidance for arithmetical and hy-
perarithmetical reductions.

This weakness also holds layer-wise in the arithmetical hierarchy, in the following sense.

Theorem 1.6 Fix n > 1 and let B be a non-X¥ set. For every set A, there is an infinite set
H C A or H C A such that B is not E?{H.

These theorems show the combinatorial weakness of the pigeonhole principle with respect
RT%—encodability. To prove this, we designed a new notion of forcing with an iterated jump
control generalizing the first and second jump control of Cholak, Jockusch and Slaman [2].

1.2. Lowness and hierarchies

The computability-theoretic study of the pigeonhole principle is also motivated by questions
on the strictness of hierarchies in reverse mathematics. Some consequences of Ramsey’s theorem
form hierarchies of statements, parameterized by the size of the colored tuples. A first example
is Ramsey’s theorem itself. Indeed, RTZJrl implies RT} for every n,k > 1. By the work of
Jockusch [9], this hierarchy collapses starting from the triples, and by Seetapun [24], Ramsey’s
theorem for pairs is strictly weaker than Ramsey’s theorem for triples. We therefore have

RT, < RTZ <RT} =RT} =...

Some other hierarchies have been considered in reverse mathematics. Friedman [7] introduced
the free set (FS™) and thin set theorems (TS"), while Csima and Mileti [4] introduced and
studied the rainbow Ramsey theorem (RRT}). These statements are all of the form P™: “For
every coloring f : [w]™ — w, there is an infinite set H C w such that f[[H]" avoids some set
of forbidden patterns”. The reverse mathematics of these statements were extensively studied
in the literature [1, 4, 11, 16, 17, 19, 21, 28, 29, 30, 31, 32]. In particular, these theorems form
hierarchies which are not known to be strictly increasing.

Question 1.7. Are the hierarchies of the free set, thin set, and rainbow Ramsey theorem strictly
increasing?
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Partial results were however obtained. All these statements admit lower bounds of the form
“For every n > 2, there is a computable instance of P™ with no X0 solution”, where P denotes
any of RT} (Jockusch [9]), RRT} (Csima and Mileti [4]), FS™, or TS™ (Cholak, Giusto, Hirst
and Jockusch [1]). From the upper bound viewpoint, all these statements follow from Ramsey’s
theorem. Therefore, by Cholak, Jockusch and Slaman [2], every computable instance of P!
admits a computable solution, and every computable instance of P? admits a lows solution.
These results are sufficient to show that P! < P2 < P3 in reverse mathematics. This upper
bound becomes too coarse for triples. Wang [30] proved that every computable instance of
RRT% admits a lows solution. The following question is still open. A positive answer would also
answer positively Question 1.7.

Question 1.8. Does every computable instance of FS", TS", and RRT} admit a low,, solution?

Upper bounds to FS™, TS", and RRT}, are usually proven inductively over n [32, 16, 20],
starting with the infinite pigeonhole principle for n = 1. In this paper, we therefore prove the
following theorem, which introduces the machinery that hopefully will serve to answer positively
Question 1.8.

Theorem 1.9 (Main theorem 2) Fix n > 1. Every A? set A has an infinite subset H C A or
H C A of low,, degree.

In particular, we fully answer two questions of Wang [30, Questions 6.1 and 6.2], also asked
by the second author [18, Question 5.4]. The cases n = 2 and n = 3 were proven by Cholak,
Jockusch and Slaman [2] and by the authors [15], respectively.

1.3. Definitions and notation

A binary string is an ordered tuple of bits ag, . ..,a,—1 € {0,1}. The empty string is written
€. A binary sequence (or a real) is an infinite listing of bits ag, ai,.... Given s € w, 2° is the set
of binary strings of length s and 2<% is the set of binary strings of length < s. As well, 2<% is
the set of binary strings and 2 is the set of binary sequences. Given a string o € 2<%, we use
|o| to denote its length. Given two strings o, 7 € 2<¥, o is a prefiz of 7 (written o < 7) if there
exists a string p € 2<% such that o~ p = 7. Given a sequence X, we write 0 < X if 0 = X [n
for some n € w. A binary string o can be interpreted as a finite set F,, = {z < |o| : o(z) = 1}.
We write o C 7 for F,, C F.. We write #o for the size of F,. Given two strings o and 7, we let
o U7 be the unique string p of length max(|o|, |7|) such that F, = F, U F.

A binary tree is a set of binary strings T' C 2<% which is closed downward under the prefix
relation. A path through T is a binary sequence P € 2¥ such that every initial segment belongs
to T

A Turing ideal T is a collection of sets which is closed downward under the Turing reduction
and closed under the effective join, that is, (VX € Z)(VY <r X)Y € Tand (VX,Y € 1) X @Y €
Z,where XY ={2n:ne X}U{2n+1:n € Y}. A Scott set is a Turing ideal Z such that
every infinite binary tree T' € Z has a path in Z. In other words, a Scott set is the second-
order part of an w-model of RCAg+WKL. A Turing ideal M is countable coded by a set X if
M ={X, :n €w} with X =, X,,. A formula is Z(M) (resp. II{(M)) if it is £I(X) (resp.
9(X)) for some X € M.

Given two sets A and B, we denote by A < B the formula (Vx € A)(Vy € B)[z < y]. We
write A C* B to mean that A — B is finite, that is, (3In)(Va € A)(a € B — a < n). A k-cover
of a set X is a sequence of sets Yy, ...,Yr_1 such that X CYpU---UY, ;.

2. GENERALIZED MATHIAS FORCING

The notion of forcing used to build solutions to the pigeonhole principle while controlling the
first jump is a variant of Mathias forcing. In this section, we extend Mathias forcing to a more
general notion of forcing while controlling iterated jumps. Then, in the next section, we will
design a variant of this generalized Mathias forcing to control iterated jumps of solutions to the
pigeonhole principle.
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Before defining the generalized Mathias forcing, we need to introduce some core machinery
which will be used all over the article.

2.1. Largeness classes

The following notion of largeness class was introduced by the authors in [15] to design a
notion of forcing controlling the second jump of solutions to the pigeonhole principle.

Definition 2.1. A largeness class is a collection of sets A C 2“ such that

(a) f Xe AandY D X, then Y € A
(b) For every k-cover Yp,...,Y_1 of w, there is some j < k such that Y; € A.

For example, the collection of all the infinite sets is a largeness class. Moreover, any superclass
of a largeness class is again a largeness class.

Fix an effective enumeration Z/IOZ JUZ ... of all the E?’Z classes upward-closed under the
superset relation, that is, if X € 4Z and Y D X, then Y € UZ.

Lemma 2.2 Suppose Ay 2 A; 2 ... is a decreasing sequence of largeness classes. Then [, As
is a largeness class.

Proof. If X € (,As and Y D X, then for every s, since A is a largeness class, Y € A, so
Y € N, As. Let Yp,...,Y,_1 be a k-cover of w. For every s € w, there is some j < k such
that Y; € As. By the infinite pigeonhole principle, there is some j < k such that Y; € A, for
infinitely many s. Since Ag 2 A; D is a decreasing sequence, Y; € [, As. O

Lemma 2.3 Let A be a X class. The sentence “A is a largeness class” is I19.

Proof. Say A= {X : (30 = X)p(c)} where ¢ is a X formula. By compactness, A is a largeness
class iff for every o and 7 such that o C 7 and (o) holds, ¢(7) holds, and for every k, there
is some n € w such that for every og U---Uog_1 = {0,...,n}, there is some j < k such that
¢(0j) holds. O

Given an infinite set X, we let Ly be the I1§(X) largeness class of all sets having an infinite
intersection with X. In what follows, fix a Scott set M = {Xo, X1,...} countable coded by a
set M. Given a set C' C w?, we write

upt= () uX
(esi)eC

Definition 2.4. A class A is M-cohesive if for every X € M, either A C Lx or A C L.

Lemma 2.5 Let L{é\f‘ be an M-cohesive class. Let U]/;/‘ and Vg/l be such that Z/lé‘f‘ N Z/I]/DVI and
L{é‘/‘ N Z/{jEM are both largeness classes. Then Z/{éw N Z/{f‘)" N Ug/l is a largeness class.

Proof. Suppose for contradiction that Llé\/l N Z/{g/‘ N L{é/‘ is not a largeness class. Then by
Lemma 2.2, there is some finite C7 € C, D1 € D and E; C E such that Z/Ié‘;‘ N Z/If\)/ll N Z/lé\f
is not a largeness class. Since Z/{é\f mugf mugf is ©9(M) and M is a Scott set, there is a parti-
tion YpU- - -LUY%,_1 = w in M such that for every i < k, Y; &€ L{é\{t ﬂlxlg/lt ﬂZ/le\f ) Z/{é‘/‘ ﬂb(f{t muﬁ
Since Z/Ié’l is M-cohesive, there must be some ¢ < k such that L{é\f‘ C Ly,. In particular, Y; € L{é\/l,
soY; & Z/lg/‘ orY; & Z/lé‘". Suppose Y; & ng/‘, as the other case is symmetric. Since Y; NY; = 0
for every j # i, then Y; & Z/l(/j\/‘ C Ly, for every j # i. It follows that Yy, ..., Y,_; witnesses that
L{é\/‘ N Z/{g’l is not a largeness class. Contradiction. O

Definition 2.6. A class A is M-minimal if for every X € M and e € w, either A C Z/{eX or
ANUX is not a largeness class.

The following is a corollary of the previous lemma.
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Lemma 2.7 Given an M-cohesive largeness class YA, the collection of sets

udty = m {UX U nUX is a largeness class}
ecw,XeM

is an M-minimal largeness class contained in L{é\/‘.

Proof. We first prove that <L{é§/’> is a largeness class. Let ep,eq,... and Xo, X1,... be an
enumeration of all pairs (e, X) € w x M such that Ué\’l NUX is a largeness class. By induction
on n using Lemma 2.5, (,_, L{e)fi is a largeness class for every n € w. Thus, by Lemma 2.2,
Uy =n, Ui is a largeness class.

Next, we prove that (UX) C UM. For every (e,i) € C, U NUX is a largeness class, thus
Uty CuXi. Therefore (UM) C UM, Tt follows that (UA1) is M-minimal. O

Note that (UX') = UA" where D is the set of all (e, 7) such that UL NUX is a largeness class.

Definition 2.8. A partition regular class is a collection of sets £ C 2% such that

(a) we L
(b) For every X € £ and YpU---UY,_1 2 X, there is some j < k such that Y; € L.

In particular, the class of all infinite sets is partition regular.
Definition 2.9. Let A be a largeness class. Define
E(.A) = {X €2 VEVXoU---UX,_1 D X <kX; E.A}

Lemma 2.10 Let A be a largeness class. Then L£(A) is the largest partition regular subclass
of A.

Proof. We first prove that £(A) is a partition regular subclass of 4. By definition of A being
a largeness class, w € L(A). Let X € L(A) and XoU---U Xj_; O X. Suppose for the sake of
absurd that X; ¢ L£(A) for every i < k. Then for every i < k, there is some k; € w and some
YPU--- UYI-]“_1 D X; such that Y/ ¢ A for every j < k;. Then {Y/ :i < k,j < k;} is a cover of
X contradicting X € £(A). Therefore L(A) is a partition regular class. Moreover, L(A) C A
as witnessed by taking the trivial cover of X by X itself.

We now prove that £(A) is the largest partition regular subclass of A. Indeed, let B be a
partition regular subclass of A. Then for every X € B, every Xo U ---U Xi_1 D X, there is
some j < k such that X; € BC A. Thus X € L(A), so B C L(A). O

Also note that LUM) = U for some D C w?.
Corollary 2.11 Suppose Ll(/}/‘ is an M-minimal largeness class. Then L{é\’l is partition regular.

Proof. Let D be such that Z/{g/l = £(Z/Ié(‘). By Lemma 2.10, Z/{g/l - Z/{g/‘. By M-minimality of
Z/{(//Y‘, Z/{é\’l C L{f)". It follows that L{é\" = Z/{f\)". Since Z/{f\)" is partition regular, then so is Ué‘(’. O

It follows that if 2! is an M-cohesive largeness class, then (UA!) is an M-minimal partition
regular class.

Lemma 2.12 Every PA degree relative to M’ computes a set C C w? such that Z/{é"‘ is an
M-cohesive largeness class.

Proof. Let {Xy, X1,...} be an M-computable sequence of sets containing all the sets of M (and
possibly more). Let T' be the tree of all ¢ € 25 such that (;c, Lx;, (;¢, L%, is non-empty. The
tree is M’-computable, thus every PA degree relative to M’ computes a path P € [T]. Let eq
and e be such that U, = Lx and Uz, = L, respectively. Then letting C = {(ep(;), i) : i € w}
is such that L{é” is an M-cohesive largeness class. O
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Corollary 2.13 There exists a set C' C w? such that Z/{é/‘ is an M-cohesive largeness class and
(C@ M/)/ ST M//.

Proof. By Lemma 2.12 and the relativized low basis theorem [10]. U
Lemma 2.14 For every set C' C w?, there is a set D C w? such that (L{é/t> = Z/lf‘{l.

Proof. Let D be the set of all e,7 € w such that Ug‘ NUXi is a largeness class. By Lemma 2.2,
Z/lé‘/l NUXi is a largeness class if and only if for every finite set F' C C, I/{PM NUX is a largeness
class. By Lemma 2.3, being a largeness class for a X(M) class is TI3(M), hence I19(M’). Thus
D is (C & M'). a

Corollary 2.15 For every set C C w?, and Z C w, the relation “Z € (UX)” isTIY((CpZaM")").

Proof. By Lemma 2.14, there is a II9(C & M’) set D C w? such that UX) = UA'. Then
Y € (UL if and only if for every e,i € w, either {e,i) ¢ D or Y € UXi. Thus the relation
“Z e UMY s TIV((C o Z e M')). a
2.2. Notion of forcing

Let Mo, My,..., M, be countable Scott sets coded by sets Mo, My, ..., My, respectively.
Furthermore, by the relativized low basis theorem [10], assume that M; is low over §(?) and
Pl ¢ M1 for every ¢ < n. Let Cp,...,Cnh—1 be such that C; € M;; and Ué‘{‘i is an
M;-cohesive largeness class for every i < n. The existence of a C; € M,y is ensured by

Lemma 2.12. Furthermore, we require that L{gj Sl

by Lemma 2.14.

Definition 2.16. Fix n > 0; Let Q,, be the set of pairs (o, X) such that
(a) XN{0,...,|lo|} =0; X e M,
(b) X is infinite if n =0 and X € U™ ") if n > 1

C (Ug;*). This last property can be satisfied

n—1
-1

Mathias forcing builds a single object G by approximations (conditions) which consist in an
initial segment o of G, and an infinite reservoir of integers. The purpose of the reservoir is to
restrict the set of elements we are allowed to add to the initial segment. The reservoir therefore

enriches the standard Cohen forcing by adding an infinitary negative restrain.

Definition 2.17. The partial order on Q, is defined by (7,Y) < (0, X) if 0 <7, Y C X and
T—0CX.

Given a collection F C Q,,, we let Gr = J{o : (0, X) € F}.

Definition 2.18. Let (G, z) be a A formula with free variable z. Let p = (0, X) € Q.
(a) plk (F2)P(G, x) if (Fz)Pc (0, x)
(b) plk (Va)®.(G, z) if (V7 C X)(Va)Pc(c U T, )

Note that X is infinite even in the case n > 1 since Z/{é\: contains only infinite sets.

Having defined the forcing relation for ¥¢ and I1Y formulas, we extend the forcing relation
to arbitrary arithmetical formulas by induction on the level in the hierarchy. A ¥ 41 formula
(37)(G, x) is forced, where (G, ) is T12, if there is some x € w such that the II2 formula
¢(G,x) is forced. The case of II° 41 formulas is more subtle. Intuitively, a e 41 formula
(Vx)p(G, ) is forced, where (G, z) is X0, if for every extension of the condition and every
T € w, the T formula —p(G, z) is never forced. The forcing relation is defined by a mutual

induction through the following two definitions.

Definition 2.19. Fix n > 0. Let {, : w X 2<% x w — w be the computable function that takes
as a parameter a code for a Ag formula ®.(G, z,41,...,20), a string o and an integer x, 11 € w,
and which gives a code for the X9, (M,,) set

{X : (0, X) I (Vo) (Fxn-1) ... (Qxo)Pe(G, Tnt1, - - ., T0) }
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Definition 2.20. Fix n > m > 1. Let ®.(G,zy,,...,20) be a A formula with free variables
X0y -y T Let p=(0,X) € Q.
(a) plF (Fzm)(VEm—1) ... (Qxo)Pe(G, Tm, . . ., To) if there is some z,, € w such that

plE (VZm—1) ... (Qzo)Pe(G, Tm, - .., xo)
(b) p II— (me)(ﬂxm 1) o (Qx0) =P (G, Ty, . . ., x0) if for every p C X and every z,, € w,

UC’" tnuM

i largen lass.
o 71(60pr ) is a largeness class

Lemma 2.21 Fix n > m > 0. Let ®.(G,xpm,...,z0) be a Ay formula with free variables
20, ..., Tm. Let p,q € Q, be such that ¢ < p.

(a) If plk (Fzpm) (Vem—1) ... (Qxo)Pe(G, Ty, - . ., o) then so does q.

(b) If p Ik (Vo) Bam_1) ... (Qz0)~Pe(G, Ty, - . ., m0) then so does q.

Proof. We prove (a) and (b) by induction over m. Say p = (¢,X) and ¢ = (7,Y). The base
case m = ( is immediate. Suppose m > 1.

(a) Since p Ik (Fzp)(VEm—1) ... (Qzo)Pe(G, Tm, ..., x0), then there is some z,, € w such
that p IF (Vay,—1) ... (Qxo)Pe(G, T, - . ., 20). By item (b) of this lemma and induction
hypothesis, ¢ IF (V&y—1) ... (Qxo)Pe(G, Tm, - .., xo) hence ¢ Ik (Fxy,)(VEm—1) ... (Qxo)
O.(G,zpm, ..., x0).

(b) Let p = 7 — 0. By definition of ¢ < p, p € X. Let py C Y and z,, € w. In
particular pUp1 C X. By definition of p I (V&) (Fzm-1) .. (@xo)—@e(G, Ty -+ -5 T0),
uC "N u(m 1(6 oUpUp1,Tm

class, and q Ik (Vo) Brm_1) ... (Qz0)=Pe(G, T, - . ., ::/:0)

) is a largeness class. So Z/{éw el

is a largeness
Cm— 1(6 TUP1,Tm) g

O

Lemma 2.22 Fix n > 0. Let F be a Q,-filter, let ®.(G, x) be a A formula with free variable
z, and let p € F.

(a) If pIF (32)Pe(G, x), then (Fz)Pe(Gr, z) holds.

(b) If pIF (V2)=P.(G, x), then (Vz)-®.(Gr,z) holds.

Proof. Say p = (0,X). (a) By definition of p IF (32)®.(G, x), there is some z € w such that
®.(0,x) holds. Since ¢ C Gr C o U X, then by continuity of ®., ®.(Gr,z) holds. (b) By
definition of p I+ (Vz)=®.(G, x), for every z € w and p C X, (0 U p,z) does not hold. Since
0 C Gr C oUX, by the finite use property, since ®.(G £, z) holds for every = € w. O

Whenever a ¥ or a II{ formula is forced, then it holds over G for every Q,-filter F.
However, the situation is more complex for higher formulas. We need to consider sufficiently
generic filters.

2.3. Generic filters

Generic filters are usually defined in terms of intersection of dense sets of conditions. However,
given the complexity of the set of conditions, we define n-genericity in terms of deciding every

30 .1 property.

Definition 2.23. Fix n > m > 0. A Qp-filter F is (m + 1)-generic if for every XY _; formula
©(G), there is some p € F such that p I- o(G) or p IF =p(G).

Lemma 2.24 Let F be a 1-generic Q,-filter. Then G £ is infinite.

Proof. Suppose for the contradiction that Gz C {0, ..., k}. Let ®.(G,z) =x € GAz > k. Since
F is 1-generic, there is some p = (0, X) € F such that p IF (3z)P.(G, x) or p Ik (Va)-P. (G, x).
If p IF (32)®.(G,z), then there is some =z € w such that ®.(o,z) holds, then x > k and
x € 0 C Gr. Contradiction. If p IF (Vz)=®.(G, x), then for every x € w and every p C X,
®.(0 U p,x) does not hold. However, since X is infinite, let p C X be such that minp > k.
Then letting = € p, (0 U p,z) holds. Again, contradiction. O
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In general, an (n + 1)-generic Q,-filter is not necessarily n-generic. However, in the case
n = 1, we are able to prove this property.

Lemma 2.25 Let F be a 2-generic Q,-filter, then F is 1-generic.

Proof. Let ®.(G,r) be a AJ formula with free variable r. We want to show that there is some
(0,X) € F such that (0,X) IF (Ju)P(G,r) or (0,X) IF (Vr)=®.(G,r). Let ®,(G,r,s) =
®.(G,r) and ¢,(G,a,b) = =P.(G,b) Since F is 2-generic, there is some p = (0, X) € F such
that

plE (3r)(Vs)Pu(G, 1, s) or plk (¥Vr)(3s)=D, (G, T, s)
and

p Ik (3a)(Vb)®, (G, a,b) or p Ik (Va)(3b)—~P,(G,a,b)
We have three cases.

Case 1: p Ik (3r)(Vs)P,(r,s). Unfolding the definition, there is some r such that p I+
(Vs)®@,(G,r,s). In particular, ®,(o,7,0) holds, so ®.(c,r) holds, hence p IF (Ir)P.(G,r), and
we are done.

Case 2: p Ik (Ja)(Vb)®,(a,b). Unfolding the definition, there is some a € w such that
p Ik (Vb)®,(a, b), hence p I (Vs)-P.(G, s), and we are done.

Case 3: p I+ (Vr)(3s)=P,(G,r,s) and p I+ (Va)(3b)—P,(a,b). Then in particular, letting
a=0, Z/{é\;“) N UCJ:)/EZ,U,O) is a largeness class. Then <L{é\,:0> C Uy (v,0,0)- Since X € <Ué:°>, then
X € Ugy(v,0,0)- Unfolding the definition of (o, p I (¥n)®,(G,0,n). Thus, there is some r € w
and some p C X such that ®.(oUp,r) holds. Since p IF (Vr)(3s)P, (G, s), Méjo NUeo (w,0Up,r)
is a largeness class. Then (Z/{é;lo) C Uey(u,oup,r)- Since X € <Llé\:°>, X € Ugy(uouprys (@Up, X) IF
(Vs)@,(G,r,s),s0 (6 Up, X) I (G, r). Contradiction. O

As explained, the definition of the forcing relation for I19, ., formulas (Vz)p(G,z) asserts
that for every extension d of the condition ¢ and every =z € w, d will not force —¢(G, ).
This is however not sufficient to ensure that (Vz)yp(G, x) will hold, since the filter may not be
sufficiently generic to force either (G, z) or —¢(G, z). Contrary to II{ formulas, we therefore
need to require that the filter F is (s + 1)-generic for every s < m to ensure that whenever a
formula is forced, it holds over G .

Lemma 2.26 Fix n > m > 1. Let F be an m-generic Q,-filter and;I’e(G,xm, ...,xo) be a Ag
formula with free variables x,,,...,zo. If p IF (Vo) (Fzm—1) ... (Qxo)Pe(G, xm, ..., x0) for
some p € F, then for every z,, € w, there is some g € F such that ¢ I- (3x,,—1) ... (Qz0)~P(G,
Ty« - x[)).

Proof. Fix x,, € w. Since F is m-generic, there is some ¢ = (7,Y) € F such that

qIF (3xm_1) ... (Qro)=Pe(G,my, ..., 10) or ¢ lIF (Vm_1) ... (Q0)Pe(G, T, - - ., T0)

Since F is a filter, we can assume that ¢ < p. By Lemma 2.21,

q Ik (Vom) Brm_1) ... (Qz0)~Pe(G, T, - . ., T0)

SO L[g::’:l ﬁUCMZ_(;TIm) is a largeness class. Thus (Z/{é\:f;1> C <Ll£::’:l> C MCMTI_(;Tmm). Since
Y e <L{é\:ﬁl>, thin Y e L{g:i”l’(;ﬂxm). Therefore g Iff (Vz,—1)...(Qxo)Pe(G, zy, ..., x0), hence
qH_ (El'm,l)...(Ql'o)_'(I)e(G, :EM7"'7x0)' U
Lemma 2.27 Fix n > m > 1. Let F be a Q,-filter which is is (s 4+ 1)-generic for every s < m.
Let ®.(G, zm,...,2z0) be a Ay formula with free variables z,,,...,zo, and let p € F.

(a) i p Ik (3zm)(VEm—1) ... (Q20)Pe(G, Tm, - . ., To), then the formula holds for Gr.
(b) If plk (V&) (Fzm—1) ... (Qxo)~Pc(G, zpm, ..., x0), then the formula holds for Gr.

Proof. By induction over m > 1. Say p = (0, X).
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(a) By definition, there is some x,, € w such that p IF (Vz,—1) ... (Qx0)Pe(G, Zm, ..., x0).
By induction hypothesis and by Lemma 2.22(b), (Vzmy,—1)...(Qz0)Pc(Gr, T, ..., x0)
holds.

(b) Fix some x,,. By Lemma 2.26, there is some ¢ € F such that

qlF (3zm-1) ... (Quo)~Pc(G,zm, ..., 7o)

By induction hypothesis and by Lemma 2.22(a), (3z;,—1) - . . (Qz0)~Pe(GF, Tm, - - -, o)
holds.
U

3. GENERALIZED PIGEONHOLE FORCING

In this section, we adapt the generalized notion of Mathias of forcing to design a notion of
forcing producing solutions to the infinite pigeonhole principle while controlling iterated jumps
of the solutions. In what follows, we fix 2-partition Ayl A1 = w representing an instance of the
infinite pigeonhole principle.

3.1. Notion of forcing

Here again, we assume fix a countable Scott sets Mo, My, ..., M, coded by sets Mo, My, ..., My,
respectively, such that M; is low over 09 and 90+ € M, for every i < n. We also have fixed

sets Cp, ...,Cp—1 such that C; € M;41 and Z/lé\:li is an M;-cohesive largeness class for every
. . M1 M;
i <n. We also require that U, "7 C Uz'").

In order to obtain low,, solutions to AY instances of the pigeonhole principle, we need to
provide a careful analysis of the effectiveness of the dense sets considered. For this, we need to

fix a set P of PA degree relative to M. This set will basically enable us to pick, given a cover

YoU---UY,_q of aset X € (Mg:f;l), some j < k such that Y; € <Z/lé\/t"_1>.

n—1
Definition 3.1. Fix n > 0. Let P,, denote the set of conditions (¢%,a!, X) such that
(a) o' C A for every i < 2
(b) X Nn{0,...,max; 0|} =0; X €¢ M,
(¢) X is infinite if n =0 and X € <L{é\:ﬁl> ifn>1.
By definition of a Turing ideal M countable coded by a set M, then M can be written as
{Zo, 21, ...} with M = @, Z;. We then say that i is an M-index of Z;. Thanks to the notion

of index, any P,-condition can be finitely presented as follows. An indezx of a P,-condition
c= (0% o', X) is a tuple (¢°, 0!, a) where a is an M,-index for X.

Definition 3.2. The partial order on P, is defined by
(72,71 Y) < (6%, 01, X)
if for every i < 2, (74,Y) < (0%, X).
Given a condition ¢ = (09,0, X) and i < 2, we write ¢/} = (0%, X). Each P,-condition ¢
represents two Q,,-conditions /% and ¢

Definition 3.3. Let F C P, be a collection. We write FUI = {cll : ¢ € F}.

3.2. Forcing question for P
We now design a disjunctive forcing question which is an abstraction of the first jump control
of Cholak, Jocksuch and Slaman [2].

Definition 3.4. Let ¢ = (6%, 0!, X) € Py and let ®.,(G, ) and @, (G, z) be two Ag formulas.
Define the relation

c(32) P, (G0, ) V (32) D, (G, )
to hold if for every 2-cover ZO U Z! = X, there is some side i < 2, some finite set p C Z¢ and
some z € w such that ®.,(c" U p, z) holds.
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This forcing relation satisfies the following disjunctive property.

Lemma 3.5 (Cholak, Jockusch and Slaman [2]) Let ¢ € Py and let ®.,(G, z) and @, (G, z) be
two Ag formulas.
(a) If ¢?-(3x)P, O(Go,x) Jx)®., (G, x), then there is some d < ¢ and some i < 2 such
that dl I- (3z)®,
(b) If ¢ %% (32) P, (G, x Elac)fbel(Gl,:U), then there is some d < ¢ and some ¢ < 2 such
)

)
that dli I- (Vx ﬁcbel( ,x).

Proof. Suppose ¢ ?+(31)®., (G, z) V (32)®,, (G}, x) holds. Then letting Z° = X N A% and
Z' = X N Al there is some side i < 2, some finite set p C X N A and some x € w such that
®.,(c° U p,r) holds. The condition d = (¢° U p,a'~%, X N (max p,00)) is an extension of ¢ such
that dl I+ (32)®,, (G, x).

Suppose now that ¢ 2% (3z)®., (G°, z) V (3x)®, (G, z). Let P be the collection of all the sets
Z%@ Z' such that Z9°U Z' = X and such that for every i < 2, every finite set p C Z¢ and every
T € w, (0! Up,x) does not hold. P is a non-empty H?’X class, so since X € My = WKL,
there is some 2-cover Z° @ Z' € PN M. Let i < 2 be such that Z* is infinite. Then the
condition d = (¢°, o', Z%) is an extension of ¢ such that dl¥ IF (Vz)=®., (G, z). O

By a pairing argument (if for every pair m,n € w, m € Aorn € B, then A = w or B = w), if
a filter F is sufficiently generic, there is some side i such that for every %Y formula ¢(G), there
is some ¢ € F such that ¢l |- o(G) or !l I —p(G). We therefore get the following lemma.

Lemma 3.6 For every sufficiently generic Pi-filter F, there is a side i < 2 such that FU is a
1-generic Qq-filter.

3.3. Forcing question for P,

We now generalize the first jump control of Cholak, Jocksuch and Slaman [2] to iterated
jumps with a disjunctive forcing question for ¥2 41 formulas.

Definition 3.7. Let ¢ = (¢°,0!, X) € P, and let ®.,(G, xp,...,70) and ®., (G, zy, ..., o) be
two Ag formulas. Define the relation

M (F2n) (V1) - (Qro)Pey (GO, 2, - . ., 10) V (3n) (V1) - - . (Q20)Pey (G, s - . ., 20)
to hold if for every Z% U Z' = X, there is some i < 2, some p C Z* and z,, € w such that

Mnfl Mnfl
U, uﬁn—l(emaiUP@n)

is not a largeness class.

Lemma 3.8 Let ¢ € P, and let @, (G, xn, ..., 70) and @, (G, xy, ..., zo) be two A formulas.
The relation

(320 (VEn_1) .. (Qr0)Pey (GO, 2, ..., 20) V (3n) (VEn_1) - .. (Quo)Pe, (G, s . . ., 20)
is X9(M,,).
Proof. By compactness, the relation holds if there is a finite set £ C X such that for every

Eyg U E; = F, there is some i < 2, some finite set F' C C,_1, some p C F; and z,, € w such

that LlM” N Z/lé\/lnl((li 1Up,zn) is not a largeness class. By Lemma 2.3, given a finite set F', the

statement “Z/{F is not a largeness class” is Zg’ thus EOX As M| | € M,, where M,,_, codes
for M,,_1 thus the overall relation is X¢(M,,). O

Lemma 3.9 Let ¢ € P,, and let . (G, zp,...,x0) and P, (G, 2y, ..., x0) be two A formulas.
(a) I c?(3xp) ... (Qr0)Pey (GO 2, . .., 0) V (3xy) - .. (Q2)Pey (G, . . ., 1), then there
is some d < ¢ and some ¢ < 2 such that

d - (3z,) (V1) . .. (Qx0)®e, (G, s - . ., 20)
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(b) If ¢ W (3wy) ... (Qr)Pey (GO, s . .y x0)V (T2 - - . (Qo)Pe, (G, s, - - ., 0), then there
is some d < ¢ and some ¢ < 2 such that

dW - (V) Bzn_1) ... (Quo)—Pe, (G 2y, . . . , )

Moreover, an index of d can be found A @ P-uniformly in an index of ¢, eg and e;.

Proof. Say ¢ = (0%, 0%, X).
(a) Let Z° = XN A° and Z! = X N Al. Unfolding the definition of the forcing question,
there is some ¢ < 2, some finite set F' C C),_1, some p C Z* and z,, € w such that

Mp_1 M1
UF mZ/{Cn 1(ei,o tUp, Tn,)

is not a largeness class. Since M,,_; = WKL, there is a cover Ry U---U Ry_1 O w in M,

M1 M1
such that for every t </, Ry & Uy ﬂZ/lcn (es.0iUpyn)’

Since <L{C " 1) is a partition regular class containing X, there is some ¢ < ¢ such that
XNR; € <L{M" '). Moreover, since {0, ..., max p} is finite, the set Y = (XNR;)—{0,..., max p}
belongs to (L{M" '), Define the P,,-condition d = (¢! U p,o!~% V). In particular,

A - (32 (VEn_1) . .. (Quo) e, (G, 2, . . . , T0)

(b) Let D be the 9(M,,) class of all Z° @ Z! with Z° U Z! = X, such that for every i < 2,
every p C 7', and every z, € w,

Mn 1 Mn 1
Z/{ muCn 1(6170 Up, xn)

is a largeness class. Since M, = WKL, there is some Z° @ Z! € DN M,,.

Since (Z/{M” ') is a partition regular class containing X, there is some ¢ < 2 such that
Zt e (Uph.

Define the P,-condition d = (¢, 0!, Z%). Then

AU - (V) Bzn_1) ... (Quo) e, (G, Ty, . . ., 20)
This completes the proof of the lemma. O

3.4. Validity and genericity

By Lemma 3.9, the disjunctive forcing question ensures that for every sufficiently generic
P,-filter F, there is some i < 2 such that F is (n+ 1)-generic. This is however not sufficient to
ensure that the forced formulas will hold. Lemma 2.27 uses the fact that FU is (s + 1)-generic
for every s < m. This genericity constraint holds for the side ¢ whenever for every condition
c= (%o, X)eP,, XNnA € <L{M” '). This motivates the following definition.

Definition 3.10. The side i < 2 of a condition ¢ = (¢, 0!, X) € P, is valid if XNA? € <L{M” .

Otherwise, there is some ;""" D <L{M"1 'y such that X N A" ¢ """, in which case we say
that the side ¢ of c is e-invalid.

Given a condition ¢ = (6%, 0!, X) € P,,, since (Z/{é\/l " ') is a partition regular class containing

X, then either X N A or X N A! belongs to (UM” "), Therefore every condition must have
a valid side. However, it is not immediate to see that the (n + 1)-generic side ensured by the
disjunctive forcing question and the valid side of a condition will coincide. It is not very hard to
show that if A is Kurtz random relative to M,,_1, both sides are valid, and therefore it suffices
to choose the generic side. It is however not necessarily the case in general, and the following
asymmetric forcing question handles the “degenerate” case where one side is not valid.

In the following definition, the class L{el corresponds to a witness that the side 1 —4 is not
valid in the condition c¢. Necessarily, the 81de 1 must be valid in ¢. Thanks to this asymmetric
forcing question, there will be able to do some progress in (n + 1)-genericity on the side i of c.

n—1
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Definition 3.11. Let ¢ = (¢%,0},X) € P,, i < 2, Ue/\l/{j;_l be an upward-closed class and
., (G, zp,...,z0) be a Ay formula. Define the relation

e (32) (VEn_1) ... (Qo) P, (G, s ..., o) V GIF e YMn—1

€1—4

to hold if for every Z° U Z! = X, such that Z!=% ¢ Z/{e/\l/t_’;_l, there is some p C Z% and z,, € w

such that
Z/{Mn_l Mn—l )
Ch Cn—l(ei,UZUP,ﬂUn)

is not a largeness class.

Lemma 3.12 Let ¢ € P, and let @, (G, xn, ..., 7o) and @, (G, xn, ..., zo) be two Ay formulas.
The relation

e (320) (Vn_1) ... (Qo) P, (G, s ..., o) V GIF € YMn1

€1—4

is X¢(M,,).

Proof. By compactness, the relation holds if there is a finite set £ C X such that for every
EyU E; = E, either F1_; € L[ef\l/l_”._l or there is some finite set F C C,_;, some p C Z° and

7

Tn € w such that Uﬁ/l”_l N MCA{”;(; i Upn) is not a largeness class. By Lemma 2.3, given a

finite set F', the statement “Z/lf;( is not a largeness class” is Eg’X, thus the overall relation is

0(My). O

Lemma 3.13 Let ¢ = (0%,0!, X) € P, and i < 2 be such that the side 1 —i of ¢ is e;_;-invalid.
Let @, (G, xp, ..., xo) be a Ay formula.

(a) If ¢ ?2-(Fzn) (Vop—1) - . . (Qz0)Pe, (GY, sy - .., o) VG € Z/leji/(_"li_l, then there some d < ¢
such that
dU I (3z,) (V1) ... (Quo)®e, (G, s . . ., 20)
(b) If ¢?%(Bxn)(Van—1) ... (Qro)®e, (G, zn, ..., 20) V GI7F € Z/Iefrt_';_l, then there is some
d < ¢ such that
dU - (V) Bzn_1) ... (Quo)~Pe, (G, 2y, . . . , T0)

Moreover, an index of d can be found A @ P-uniformly in an index of ¢, eg and e;.

Proof. Say ¢ = (0%, 0%, X).

(a) Let 2 = X N A” and Z! = X N A, Since the side 1 — i of ¢ is e;_;-invalid, then
A L[ej\ﬁ "', so unfolding the definition of the forcing question, there is some finite set
F CCh-1,s0me p C Z% and x, € w such that

Mn—l Mn—l
uF n Z/{Cnfl (Bi,UiUP@n)

is not a largeness class. Since M,,_1 = WKL, there is a cover RyU---U Ry_1 D w in M,

such that for every t < ¢, R; & Z/{?/l”’l OZ/{?{”;(; oiUpan)”

Since <Z/{CMn "7') is a partition regular class containing X, there is some ¢ < f such that
XNR; € <Z/{é\:$1> Moreover, since {0, ..., max p} is finite, the set Y = (XNR;)—{0, ..., max p}
belongs to <Z/{£Anle) Define the P,-condition d = (¢ U p,o'~% Y). In particular,

A - (32, (VEn_1) . .. (Quo) e, (G, 2, - . ., T0)

(b) Let D be the II{(M,,) class of all Z° @ Z! with Z° U Z! = X, such that Z'~¢ & Zx[ef;{’";_l
and for every p C Z¢, and every z,, € w,

Mnfl Mnfl
Uo," MU " e iU

is a largeness class. Since M,, = WKL, there is some Z° @ Z! € DN M,,.
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Since <L{é\,:f;1> is a partition regular class containing X and Z'=¢ ¢ <Ll£:f;l), then Z° €

Mp—
<Z/{Cn—l ' > :

Define the P,-condition d = (¢, 0!, Z%). Then
AU - (V) Bzn1) ... (Quo)—Pe, (G, Ty, . . ., 20)
This completes the proof of the lemma. O
Contrary to the fact that every 2-generic Q,-filter is 1-generic, it is not clear that every
3-generic Qp-filter is 2-generic. The following lemma states that whenever F is a sufficiently
generic P,-filter, then if a side 7 < 2 is valid, the Q,-filter F{! is (s + 1)-generic for every s < n.

By Lemma 2.25, it would be sufficient to prove the following lemma for s € {1,...,n — 1}, but
the proof also holds for the case s = 0.

Lemma 3.14 Let ¢ = (0%,0!, X) € P, and i < 2 be such that the side i of ¢ is valid. Fix
s €{0,...,n—1} and let ®.(G, zs,...,x0) be a A formula with free variables g, ..., z9. Then
there is an extension d < ¢ such that either

dPE (Bag) (Vas—1) . . . (Quo)®e(G, xs, . . ., T0)
or
AP e (Va) Bas—1) - . . (Quo)~Pe (G, s, . . ., )

Moreover, an index for d can be found A & P-uniformly from an index for ¢ and e.

Proof. Let UMs be the upward closed ¥9(M,) class of all X such that
(0%, X)W (Vas)(Fzs_1) ... (Qo) =P (G, s, . . ., T0)

We have two cases.

Case 1: Z/lé\js NUMs is a largeness class. Then (Z/lé\js> C UMs. Since X N Al € (Ué‘:f;l) C
<L{é\f ) C YMs, then in particular X N A* € UMs. Unfolding the definition, in case s = 0, there
is some p € X N A" and some zp € w such that ®.(o U p, xp) holds. Since p is finite, the set
Y =X —{0,...,|p|} belongs to <U£:i;1> Thus d = (¢° U p, o' 7% Y) is an extension of ¢ such
that dl IF (3z0)®e(G, o). In case s > 0, there is some p C X N A* and some z, € w such that
Z/lé\j‘:l MU, (e,0iUp,z,) 18 DOt a largeness class. Let Ry, ..., Ry be a cover of w in M1 such
that for every t < ¢, Ry & L{éjj;l DU, (eoiupye,)- Since X € <L{é:f;1>, which is a partition
regular class, there is some t < ¢ such that X N R, € (L{é\:f;1> Let Y = XN R —{0,...,|p|}.
Since p is finite, Y € (Ué:f;” Then d = (0! U p,0!7%Y) is an extension of ¢ such that
dP I (Bz)(Vas_1) ... (Quo)Pe(G, s, . . . , ().

Case 2: Llé\js NUMs is not a largeness class. Let Ry, ..., R, 1 be a cover of w in My such
that for every t < £, Ry & Z/I(/}js NUMs. Since X € (Z/lé\: '), which is a partition regular class,
there is some ¢t < ¢ such that X N R; € <Z/{é\:f?> Then d = (0%, 0!, X N R;) is an extension of
c such that dl¥ |- (Vz,)(3zs_1) . .. (Qzo) P (G, s, . . ., x(). O

The following lemma states that whenever F is a sufficiently generic IP,,-filter, then if a side
i < 2 is valid, letting G = FU, the set Gg belongs to <L{é\:il>

Lemma 3.15 Let ¢ = (0¥, 0%, X) € P, and i < 2 be such that the side i of ¢ is valid. Let D be
such that Z/{gl"’l = (Uéw”’1> and fix (e,i) € D. Then there is an extension d = (7°,71,Y) < ¢

n—1
such that 7¢ € UXi. Moreover, an index for d can be found A @ P-uniformly from an index for
¢, e and 1.

Proof. Since the side i of ¢ is valid, then X N A’ € <Z/léw”;1> C UXi. Thus there is a finite set

n—

p € X N A? such that p € UXi. By upward closure of U:X¢, o' U p € UXi. By Corollary 2.11,
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. The condition d =
(c?Up,ot=% X —{0,...,max p}) is the desired extension. O

<L{é\,:f;1> is a partition regular class, so X — {0,...,maxp} € (Z/lé\:f;1>

4. APPLICATIONS

In this section, we apply the framework developed in section 3 to derive our main theorems.

4.1. Preservation of non-Y definitions

Our first application shows the existence, for every instance of the pigeonhole principle, of a
solution which does not collapse the definition of a non-Y? set into a 0 one. This corresponds
to preservation of one non-% definition, following the terminology of Wang [31].

Theorem 4.1 Fix n > 1 and let B be a non-X0 set. For every set A, there is an infinite set
H C A or H C A such that B is not Z?L’H.

Fix B and A4, and let A = 4 and A' = A. Asin Section 3, let Mg, M, ..., M, be countable
Scott sets coded by sets My, My, ..., M,, respectively. Again, assume that M; is low over ()
and Q0+ e M1 for every i < n. Let Cy,...,Cy,_1 be such that C; € M;;1 and L{é\ji is an
M -cohesive largeness class for every i < n. Furthermore, we require that L{é\,:l :1 C <L{gjl) By
Wang [31, Theorem 3.6.], we can also assume that B is not ¥¢(M,). We build our infinite set
by the notion of forcing P,,.

Fix an enumeration ¢o(G,u), ¢1(G,u) of all XY formulas with one set parameter G' and one
integer parameter .

Lemma 4.2 Let ¢ € P,,. For every pair of X0 formulas (G, u) and ¢1(G,u), there is some
3 < 2 and some d < ¢ such that

(Fu & BYdW IF pi(G,u) or (Fue B)dI I —pi(G,u)

Proof. Let W = {u : ¢?F (G, u) V ¢1(G',u)}. By Lemma 3.8, the set W is X{(M,,) but B
is not, therefore W # B. Let u € WAB = (W — B) U (B — W). We have two cases.

Case 1: u € W — B, then ¢?¢o(G,u) V ¢1(G,u). By Lemma 3.9(a), there is an extension
d of ¢ such that d IF (G, u) for some i < 2.

Case 2: u € B— W, then ¢ %, po(G,u) V ¢1(G,u). By Lemma 3.9(b), there is an extension
d of ¢ such that d IF —p;(G,u) for some i < 2. O

Lemma 4.3 Let ¢ € P, and i < 2 be such that the side 1 — i of c is e-invalid. For every X0
formula (G, u), there is some d < ¢ such that

(Fu ¢ B)d" IF o(G,u) or (3ue B)d! IF —p(G,u)

Proof. Let W = {u : c?- (G u) v G~ ¢ L{eM"*l}. By Lemma 3.12, the set W is ¥9(M,,)
but B is not, therefore W # B. Let u € WAB = (W — B) U (B — W). We have two cases.
Case 1: v € W — B, then ¢?F (G, u) v G ¢ UM, By Lemma 3.13(a), there is an
extension d of ¢ such that d¥ IF (G, u) .
Case 2: u € B — W, then ¢ %, (G u) vV G ¢ UM By Lemma 3.13(b), there is an
extension d of ¢ such that dl IF —¢(G, u). 0

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. Let F be a sufficiently generic P,-filter. By Lemma 4.2 and Lemma 4.3,
there is some ¢ < 2 such that

(a) The side i of ¢ is valid for every ¢ € F ;
(b) For every X0 formula (G, u), there is some d € F such that

(Fu ¢ B)d" IF o(G,u) or  (3ue B)d! IF —p(G,u)
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Let G = FlI; In particular, G is an (n + 1)-generic Q,-filter. By Lemma 3.14, G is (s + 1)-
generic for every s € {0,...,n — 1} and by Lemma 2.25. By Lemma 2.24, Gg is infinite, and
by Lemma 2.27, B is not »OH By definition of P,,, Gg C A’. This completes the proof of
Theorem 4.1. O

The following corollary would correspond to strong iterated jump cone avoidance of RT%,
following the terminology of Wang [32].

Corollary 4.4 Fix a non-AY set B. For every set A, there is an infinite set H C Aor H C A
such that B is not A?{H.

Proof. Given a non-A? set B, either B or B is not 2. By Theorem 4.1, for every set A, there
is an infinite set H C A or H C A such that either B or B is not E%’H, hence such that B is
not A?{H. O

4.2. Preservation of A hyperimmunities

Our second application concerns the ability to prevent solutions from computing fast-growing
functions. Recall the definition of hyperimmunity.

Definition 4.5. A function f dominates a function g if f(x) > g(z) for every x. A function f
is X -hyperimmune if it is not dominated by any X-computable function.

The following lemma is proven by Downey et al. [5, Lemma 3.3].

Lemma 4.6 ([5]) For every k < w and every Z, for any nondecreasing functions (f;);<x which
are Z-hyperimmune, there is a G and sets (4;);<x such that none of the 4; is X{(Z @ G), but
for any i and any function h dominating f;, 4; is X(Z © G @ h).

Theorem 4.7 Fix a P -hyperimmune function f. For every set A, there is an infinite set
H C A or H C A such that f is H™-hyperimmune.

Proof. By Lemma 4.6, letting Z = ("), there is a set G and a set B such that B is not
(0™ @ @) but for any function h dominating f, B is (0™ @ G @ h). By the jump inversion
theorem, there is a set Q such that Q™ =7 (") @ G. In particular, B is not X9(Q™), so
it is not X2, ,(Q). By Theorem 4.1, there is an infinite set H C H or H C A such that B
is not X0, (H @ Q). In particular B is not X9((H & Q)™ and therefore not 0(H™ @ G).

Suppose for the contradiction that f is dominated by an H(-computable function h. Then B
is X9(0™ © G @ h), hence B is 29(H™ @ ©G). Contradiction. 0

4.3. Low,, solutions

An effectivization of the forcing construction enables us to obtain lowness results for the
infinite pigeonhole principle. The existence of lows solutions for AJ sets, and of lows cohesive
sets for computable sequences of sets, was proven by Cholak, Jockusch and Slaman [2, sections
4.1 and 4.2]. The existence of lows cohesive sets for A sequences of sets was proven by Wang [30,
Theorem 3.4]. Wang [30, Questions 6.1 and 6.2] and the second author [18, Question 5.4] asked
whether such results can be generalized for every AY 41 instances of the pigeonhole and every
A instances of cohesiveness. We answer positively both questions.

Theorem 4.8 For every A? , set A and every P > P(+1) | there is an infinite set H C A or
H C A such that H™+D) <, P.

Proof. The case n = 0 is proven by Cholak, Jockusch and Slaman [2, sections 4.1 and 4.2].
Suppose n > 0. Fix P and A4, and let A = A and A' = A. Asin Section 3, let Mg, M, ..., M,
be countable Scott sets coded by sets My, My, ..., M,, respectively. Again, assume that M; is
low over 0 and 90+ € M, for every i < n. We also require M,, to be low over (™. Let
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Co,...,Cp_1 be such that C; € ./\/lz+1 and L{é\ji is an M;-cohesive largeness class for every
i < n. Furthermore, we require that Z/{C U

Note that by Corollary 2.15, the class (Z/{M" Y is I9(Cp—1 ® M) ;). Since Cp—y & M!_| <p
M,, <MM” Yois MY(M,). If X € M,, the relation “X € (UM" "7 is TIY((M,,)"), hence
I9(@+1), Therefore, P computes a total function h : w? — 2 such that if ey and e; are
M,,-indices of X, and X,, such that X, U X, € <Z/{M" ), then h(ep,e1) is some i < 2 such
that X, € <Z/{M" ). We have two constructions, based on whether every condition have both

valid sides or not.
Symmetric case. Suppose that for every P,-condition ¢ = (¢, ¢!, X) both sides are valid,

that is, for every i < 2, X N A’ € <L{M" .
Define an infinite decreasing sequence of P,-conditions ¢y > ¢; > ... such that for every s,
there is some ¢ < 2 such that

ANIE (B (Vai—1) .. (Qao)®s (G, s - . . o) or ) IF (Va,)(Fzn_1) . .. (Quo)—®s(G, s - . . , o)

By Lemma 3.9, this sequence can be A @& P-computable, hence P-computable. Moreover, we
require that for every ¢ € {1,...,n} and every i < 2,

b Qr) (Va—1) - . (Quo)®e (G e, . . . o) or e IF (V) (Tai—1) . . . (Quo)~Pe (G, . . ., o)

This can be ensured by Lemma 3.14 and the assumption that both sides of every P,,-condition
are valid. By a pairing argument, there is some ¢ < 2 such that the upward-closure G of the
collection {c[ T.s¢ w} is an (n+ 1)-generic Q,-filter. Moreover, G, is (¢ + 1)-generic for every
t < n. By Lemma 2.24, Gg is infinite, and by definition of a P,,-condition, Gg C A*. Moreover,
by Lemma 2.27, (p(Gg) holds for a X0 | (12, ) formula ¢ if and only if there is some stage s

such that ¢ I ©(@G). Therefore, to decide ¢(Gg), one can search P-effectively for some s such

that ¢ I »(G) or - —¢(G) and decide in which case we are. It follows that G(gnH) < P.
This completes the symmetric construction.

Asymmetric case. Suppose that there is a P,-condition cg = (¢°, 0!, X) and a side i < 2
such that the side 1 — i is e-invalid for some e € w, that is, X N A1~ ¢ UM o (Z/{M" .
The construction is very similar to the symmetric case. However, we can already fix the 51de
i by using the asymmetric forcing question. Thanks to Lemma 3.13, we can define an infinite
decreasing sequence of P,-conditions ¢y > ¢; > ... such that letting G be the upward-closure
of the collection {CS s € w}, G is an (n + 1)-generic P,-filter which is (¢ + 1)-generic for every

t < n. The verification is the same as in the symmetric case. This completes the proof of
Theorem 4.8. U

Corollary 4.9 Fix n > 1. For every A% set A, there is an infinite set H C A or H C A of low,,
degree.

Proof. This is trivially true for n = 1. We prove it in the case n > 2. By the relativized low
basis theorem [10], there is some P > ((*~1 such that P’ <7 0. By Theorem 4.8, there is an
infinite set H C A or H C A such that H™Y < P. In particular, H"™ <; P’ < (™. O

4.4. Arithmetical reductions

We now prove that the infinite pigeonhole principle admits strong cone avoidance for arith-
metical reductions.

Theorem 4.10 Let B be a non-arithmetical set. For every set A, there is an infinite set H C A
or H C A such that B is not arithmetical in H.

Fix B and A, and let A = 4 and A' = A. Let Mg, M1,... be a countable sequence of
countable Scott sets coded by sets My, M1, ..., respectively. Assume that M; is low over ()
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and (0D e M1 for every i € w. Let Cy,Cq,... be such that C; € M;;1 and Z/lé\ji is an

M;-cohesive largeness class for every i € w. Furthermore, we require that L{é\j J:rl C Uz
Let A =0, Uz ". Note that A is a largeness class by Lemma 2.2 and that £(A) is the largest

partition regular subclass of A by Lemma 2.10. Consider the following notion of forcing:

Definition 4.11. Let P, denote the set of conditions (¢", o', X) such that
(a) o C A for every i < 2
(b) X N{0,...,max;|c*|} =0
(c) X € L(A).
(d) X €U, Mn

Note that P,, C |J,, Pn. The partial order on P, is the standard Mathias extension. All the

proofs remain the same, except the replacement of (Z/{é\: fj) by L(.A) whenever one has pick a

part of a cover of a set belonging to <L{£:f;1)

We define Q,, similarly, and let cl!! = (¢, X) € Q,,.

Proof of Theorem 4.10. Let F be a sufficiently generic P,-filter. Note that for every ¢ € P,,
there is some n € w such that ¢ € P,. In particular, B is not X{(M,), so we can apply
Lemma 4.2 and Lemma 4.3. Moreover, every X! formula can be seen as a X9 formula with
m > n by adding dummy quantifiers. Therefore there is some ¢ < 2 such that
(a) The side i of ¢ is valid for every ¢ € F ;
(b) For every n € w and every ¥ formula ¢)(G,u), there is some m > n, some X0, ,; formula
©(G, u) logically equivalent to (G, u) and some d € F NPy, such that

(Fu & B)d" I+ (G, u) v (Ju € B)d I+ —p(G, u)

Let G = FU. In particular, G is an (n+1)-generic Q,,-filter. By Lemma 3.14, G is (s+1)-generic
for every s € {1,...,n— 1} and by Lemma 2.25, G is 1-generic. By Lemma 2.24, G is infinite,
and by Lemma 2.27, B is not 20 for any n € w. By definition of P,,, Gg C A’. This completes
the proof of Theorem 4.10. U

5. HYPERARITHMETICAL REDUCTIONS

In this section, we extend the jump control of solutions to the pigeonhole principle to ordinal
iterations of the jump. We then derive a proof of strong cone avoidance for hyperarithmetical
reductions.

5.1. Background

5.1.1. Computable ordinals. We let w$* denote the first non-computable ordinal. There is a I}
set 01 C w such that each o € O codes for an ordinal o < wfk and each ordinal o < wfk has
a unique code in ;. Furthermore given that o € 01, one can computably recognize if o codes
for 0, if o codes for a successor ordinal o + 1, in which case we can uniformly and computably
produce a code in O for «, and if o codes for a limit ordinal sup,, 8,, in which case we can
uniformly and computably produce for each n codes in O; for §,. See [23] for more details
about Op. In this section, we manipulate each ordinal o < wfk via its respective code in Oj.
To simplify the reading, we use the notation « instead of the code for a.

5.1.2. The effective Borel sets. We also use codes for effective Borel subsets of w or of 2 : For
o < wi a code for a £0_ 4 set B = J,,_,, Bn is the code of a function that effectively enumerate
codes for each IIY set B,,. A code for a II_ | set B = (1, By is the code of a function that
effectively enumerate codes for each X9 set B,. For a = sup, 3, limit a code of a X0 set
B = U, <., Bg, is the code of a function that effectively enumerate codes for each H%n set Bg,
with sup,, 8, = a. The code of a IT{, set B =1, Bga, is the code of a function that effectively
enumerate codes for each E%n set Bg, with sup,, 8, = a. We also assume the codes for effective
Borel sets include some information so that we can computably distinguish IT9 from X9 codes
as well as distinguish if a = 1, if « is successor or if it is limit.
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5.1.3. The iterated jumps. We use such codes to iterate the jump through the ordinals:
1) 09 =9
(2) @(a—H) _ (@(a))/
(3) @(Supn a’"«) — @n€w®(an)
Note that for n < w the set 0™ is 39 and complete for ¥0 questions. Above the first limit
ordinal the situation is slightly different : P is AY and not 0. Also given a > w we have
that 0"V is ¥ and complete for 0 questions.

Proposition 5.1 Let n € w.

(1) Let m > 0. The set {X : n e XM} isa X0 class.
(2) Let a be limit. The set {X : n€ X} isa A% class for some /5 < a.

(3) Let a = B+ 1 with § > w. Theset {X : n€ X} isa Eg class.

Proof. The set {X : n € X'} is clearly 9. Let m > 1. the set {X : n € X(™} equals

U N X :i¢gx™Nn () {X:iexm
{o : @n(om)i}{i : o(i)=0} {i: o(i)=1}
This is by induction a %2, set.
Let a be limit. Let p1,p2 be projections of the pairing function, that is, z = (p1(z), p2(z)).
Then {X : n e X®} equals {X : pi(n) € X"} which is a A% set for 8 < a.
Let « = B+ 1. The set {X : ne XB+D} equals

U N X :i¢gxPn () {(X:iex®)
{o : ®n(on)l} {i: o(i)=0} {i : o(3)=1}

This is by induction a E% class. O

Proposition 5.2 Let ® be a functional. Let n,i € w.
(1) Let m > 0. The set {X : 3t ®(X™ n)[t] |=1i}isa X9, class.
(2) Let o > w. The set {X : 3t &(X(@ n)[t] |=1i} is a B0 class.

Proof. Trivial using Proposition 5.1 (]

5.1.4. TI1 and X1 sets of integers. We previously mentioned a II} set Op of unique notations
for ordinals. This set is included in Kleene’s O, the set of all the constructible codes for the
computable ordinals. Given an ordinal o < w$*, let O, denote the elements of O which code
for an ordinal strictly smaller than a. Each O, is Al uniformly in « (it actually is always
a X9, set [14]). It is well-known that O is a IIj-complete set [23], that is, for any IIj set
B C w there is a computable function f : w — w such that n € B <+ f(n) € O. Let us define
Bo ={n : f(n) € O<y}. In particular, each B, is A} uniformly in o and B = | et Ba. In

particular B is a chk set. Note that contrary to X0 sets for a < wfk, the Egck are not described
1 1

a<w

with a computable code, but rather with a IT3 set of codes for all the TI9 that constitutes the
chk set B. With a little hack, we can even make sure that at most one new element appears
1

in each B,. For this reason, we often see IT3 sets as enumerable along the computable ordinals.
By complementation a X} set B C w can be seen as co-enumerable along the computable
ordinals and we have B =) ok B, where each B, is A] uniformly in a. We also say in this

case that B is IV, .
w
1

a<w

5.1.5. Y{-boundedness. A central theorem when working with ¥} and I} sets is X1-boundedness:

Theorem 5.3 (Xi-boundedness [26]) Let B be a X} set of codes for ordinals, then the supremum
of the ordinals coded by elements of B is strictly smaller than wfk.
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We mostly here use the following corollary:
Corollary 5.4 Let f : w — w§* be a total II} function. Then sup,, f(n) = a < wik.

Note that f : w — w$* means the range of f is a subset of O;. The corollary comes from the
fact that if f is total, then it becomes Al and its range is then a %1 set of codes for ordinals.
As an example we apply here Y1-boundedness to show a simple fact that will be needed later :
adding an w-bounded quantifier to a ngk or a Hgfk set does not change its complexity.

0
wfk—i—l

Lemma 5.5 Every X set of integers is 110 ;.
Wi

Proof. Let B be Egck+17
1
Then B is Hg{fk via the following equality : (J,,c,, ﬂaewfk B = ﬂaewfk Unew Ngea Brg- O

that is, B = {U,,c,, ﬂaewfk: By, where each By, 4 is ¥9 uniformly in «.

It is clear that if m is in the leftmost set it is also in the rightmost set. The reader should
have no trouble to apply ¥i-boundedness to show that if m is not in the leftmost set, then it is
not in the rightmost one.

5.1.6. TIi and %1 sets of reals. Given X € 2¥ we let O be the set of X-constructible codes
for X-computable ordinals. We let wf¥ > w$* be the smallest non X-computable ordinal. For
a < wit, we let OF, be the elements of OX coding for an ordinal strictly smaller than a.

One can show that a set B C 2¢ is I1} iff there exists some e € w such that B = {X : e € OX},
that is, B is the set of elements relative to which e codes for an X-computable ordinal. In
particular, B = J,., {X : e€ OZX,}. Note that the union may go up to wi, indeed, IT} sets
of reals are not necessarily Borel.

A Tl set of particular interest is the set of element X such that wi¥ > w{*. The set is Borel,

but not effectively. One can even prove that it contains no non-empty %1 subset : this is known
as the Gandy Basis theorem (see Sacks [23, II1.1.5]):

Theorem 5.6 (Gandy Basis theorem) Let B C 2 be a non-empty X} set. Then there exists
X € B such that wi¥ = wik.

5.1.7. The general strategy to show hyperarithmetic cone avoidance. Let Z be non Al. Our goal
is to build a generic G C A or G C w — A such that Z is not A](G). This is done in two steps:
first show that Z is not G(®)-computable for any a < w$* and second show that w$ = w*, so
in particular we cannot have that Z is G(®-computable for w§* < o < w§'.

The first part is simply an iteration of the forcing through the computable ordinals, and
raises no particular issue. This is done in Section 5.2.

The second part is a little bit trickier but still follows a canonical technic, which has often
been used, up to some cosmetic changes in its presentation, to show this kind of preservation
theorem (see for instance [8], [22] or [27]) : Suppose w{ > ws*| in particular there is an element

e € OY which codes for wfk, that is e is the code of a functional with Vn ®.(G,n) € ngck
1

with sup,, |®c(G,n)| = w* where |®.(G,n)| is the ordinal coded by ®.(G, n). All we have to do
is to show that such a code e does not exist. Given e we show that one of the following holds:

(1) dn Va < Wfk q)e(G>n) ¢ Oga
(2) 3a < Wit ¥n ®.(G,n) € 0F,

Each set {X : ®.(X,n) ¢ 0%} is Al uniformly in a. It follows that the set {X : 3n Va <

wit ®.(X,n) ¢ OF,} is a ng’“rl set of reals. Contrary to ngkﬂ sets of integers, such sets

cannot be simplified. We are then required to extend our forcing questions in order to control
the truth of 3° -statements. This is what will be done in Section 5.3.

k
wiF+1
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5.2. The forcing

We now design a notion of forcing for controlling the a-jump of solutions to the pigeonhole
principle. Unlike the notion of forcing for controlling finite iterations of the jump, this notion
is non-disjunctive and initially fixes the side of the instance A from which we will construct a
solution. This is at the cost of a forcing question whose definitional complexity is higher than
the question it asks.

Proposition 5.7 There is a sequence of sets { M, }

(1) M, codes for a countable Scott set M,

(2) 0 is uniformly coded by an element of M,
a+1)

ck such that:

a<w

(3) Each M is uniformly computable in 0t

Proof. Let us show the following: there is a functional ® : 2 — 2“ such that for any oracle X,
we have that M’ = ®(X’) is such that M = &,,¢,X,, codes for a Scott set M with Xy = X.
Fix a uniformly computable enumeration CY ,CY , ... of all non-empty I19(Y") classes. Let Dy
be the I19(X) class of all €@, Y;, such that Yy = X and for every n = (a,b) € w, Y41 € Csajgbyj.
Note that this TI9(X) class is uniform in X and any member of Dx is a code of a Scott set
whose first element is X. Using the Low basis theorem [10], there is a Turing functional ® such

that for any X, ®(X’) is the jump of a member of Dx.
)

Using this function @, it is clear that uniformly in Q)(QH one can compute the jump of a set

M, coding for a Scott set M, and containing (Z)(a) as its first element. O

Note @(ﬁ ) is computable in @(a) for § < « in a uniform way : there is a unique computable
function f (Q)(a), «, ) which outputs @(ﬁ ) for every 3 < a. Also Proposition 5.7 implies that Mg

is computable in (Z)(a) for 8 < a and similarly, the computation is uniform in 3, .

Proposition 5.8 There is a sequence of sets {Ca}, v such that:

(1) Uz~ is an Mg-cohesive largeness class
(2) B < « implies L{é\:a - (Z/lé\zﬁ>
(3) Each C, is coded by an element of M1 uniformly in o and My41.

In order to prove Proposition 5.8 we use the two following uniformity lemmas:

Lemma 5.9 There is a functional ® : 2¥ x w — 2% such that for any set M coding for a Scott
set M, for any e such that C' = ®.(M") is such that UZ" is a largeness class, D = ®(M", e) is
such that C C D and Up' = (ULY).

Proof. Say M = {Xo,X1,...} with M = @, X;. Let (e, i) be an enumeration of w X w.
Suppose that at stage t a finite set Dy C {{eg, i), ..., (es, i)} has been defined such that Z/lﬁf N
UM is a largeness class and such that for any s < ¢, (es,4s) ¢ D; implies that Z/{'cfis mugj nuUi
is not a largeness class.

Then at stage t + 1, we ask M" if Z/{e):fl+ "NUM N UL is a largeness class. If so we define
D' = D'U {{et11,it+1)}. Otherwise we define D'™! = D!, Then D = C U|J, D! is uniformly
M"-computable and U is a largeness class. O

Lemma 5.10 There is a functional ® : 2* X w X w — w such that for any set M coding for a
Scott set M, for any set N coding for a Scott set N such that M’ € N with N-index 7/, for any
C € N with N-index i¢, such that Z/{é‘fl is a largeness and partition regular class, ®(V,iys,ic)
is an M-index for D D C such that L{g/‘ is a M-cohesive largeness class.

Proof. The functional ® does the following : It looks for M’ at index ij; inside N'. From M’ it
computes M = @, X,,. It then computes with M’ the tree T containing all the elements o such
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that

N22-x|n{ N xle N ©u”
o (#)=0 o(i)=1 (e.g)€C|o]

Clearly [T] is not empty. The functional ® then finds an N-index for an element Y € [T].
For o <Y let Xy = ((,(1)=0(2* — Xi) N (Ny(5)=0 Xi)- We must have for every o < Y that
X, € L{é\/‘. It follows as L{é\/‘ is partition regular, that for every o <Y, Lx, ﬂL{éYl is a largeness
class. Thus [,y L£x, NUM is an M-cohesive largeness class. Also M @Y @ C uniformly
compute a set D such that Up' =, v £x, N UL, The function ® then returns an N-index
for D. O

Proof of Proposition 5.8. Let X;* be the element of M, of code i, so that each M, = ©;X;*.

Let us argue that there is a computable function f : wf’“ X wfk X w such that whenever 8 < a,
then Xf = Xj‘i‘(a 84’ Given an ordinal « the function f considers the M,-code of Pl (which is

uniformly coded in M,) and uses it produce an M,-code of Mg = EBiXiﬁ (as Mg is computable
in @(a), uniformly in 3, «) and then returns an M,-code of Xf. Given a < 8 and C C w?, we

then let g(a, 8,C) = {{e, f(a, 8,4)) : (e,i) € C}. In particular, L{g/\(/;aﬁ o) = Z/{é/tﬁ.
Suppose that stage o we have defined by induction sets C for each 5 < «, verifying (1)(2)
and (3). Let us proceed and define C,,.

Suppose first that o = 8 + 1 is successor. Note that the set Cg is coded by an element of
Mp41 uniformly in 3, and thus that Cg is uniformly computable in @(ﬂ *2) and then uniformly
computable in M. Using Lemma 5.9 we define Dg D Cj3 to be such that UM = (Z/IM5> and

B B B Dg Cps

such that Dg is uniformly Mg—computable. We define E, to be g(a, 3, Dg), so that U~ =

Mg )

U Ds - Note that as E, is uniformly computable in M ,g and thus in @(a+1 , it is uniformly

coded by an element of M,41. Note also that Uﬁj"‘ is partition regular as it equals (Z/{é\z .

Using Lemma 5.10 we uniformly find an My1-index of Cq 2 E, to be such that Uy @ is an
M -cohesive largeness class.

At limit stage o = sup,, 85, each set Cpg, is coded by an element of Mg, 11 uniformly in 3,, and
that Mg, 41 is uniformly computable in 0. 1t follows that U,, Cs,, is uniformly computable
in 0'®). We define D, to be U,, 9(c, Bn,Cg,). Note that D, is uniformly computable in Pt

and thus coded by an element of M, uniformly in a. Note also that Up* = (), Ué\é G

MNhew <L{g; n">. As an intersection of partition regular class, Z/{l]{” is partition regular. Using

Lemma 5.10 there is a set C, O D, such that Z/{Cao‘ is M-cohesive and such that C, is
uniformly coded by an element of M1. O

From now on, fix sequences {Mu},_,,

oo and {Cq}

Proposition 5.8, respectively. Assume also that we have a class S C ﬂ,B <wsk Z/Ié\z ? which is

a<weh which verify Proposition 5.7 and

partition regular and that will be detailed later. A ‘
Let A°U AlA = w. Note that there must be 7 < 2 such that A* € S. Let then A = A® for some
7 such that A* € S.

Definition 5.11. Let P, c. be the set of conditions (0, X) such that:

(1) cC A

(2) XCA

(3) XnAo,...,|o|} =0.

4) Xes
Given two conditions (o, X), (1,Y) € P cx we let (0,X) < (71,Y) be the usual Mathias extension,
thatis,c =7, X CY ando—7CY.
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We now define an abstract forcing question for X0 sets, and deciding whether there is an
extension forcing the generic set G to belong or not to belong to the set. Contrary to the
forcing question for arithmetical sets where the question was disjunctive, asking whether for
every 2-cover of w, there is a side i < 2 and an extension of the stem forcing the generic set G*
to belong to the X0 set B;, we ask whether the collection of sets such that there is an extension
forcing G to belong to B is a large class. The cost is a forcing question of higher definitional
complexity.

Definition 5.12. Let o € 2<%, Given a X class U, let o ?-U hold if
{Y : 3rCY —{0,...,]o]} [cUT] CUINUL

is a largeness class. Then inductively, given a X0, class B = |J
o 7+ B hold if

B, with 1 < m < w, we let

n<w

{Y : IrCY —-H0,...,|o|} HnUUT?}‘ZW—Bn}ﬂL{é\fn’El

is a largeness class. Then inductively, given a X9 class B = |J,,_, Bg, with w < a < wé*, we

define o 7+ B if

nw

Y : IrCY —{0,...,|o|} IncUT W2 - Bg, }NU *

is a largeness class.
For a condition p = (0, X) € owk and an effectively Borel set B, we write p 7 B if o 7+ B.

We shall now study the effectivity of the relation ?F. To do so we introduce the following
notation.

Definition 5.13. Let 0 € 2<%. Given a X class B, we write U (B, o) for the open set:
{Y : 3rCY —H{0,...,|o|} [cUT] C B}

Given a XY, class B = J,,,, Bs, for 1 < a < w{* we write U(B, o) for the open set:

{Y : 3rCY —{0,...,|o|} InocuUT 2% - Bs, }

Let us now study the complexity of the relation 7 together with the complexity of the sets
U(B, o). Note that the difference between (1b) and (2b) in the following proposition may give

the wrong impression that the complexity of the relation grows by one additional jump beyond
30 classes. This is due to the fact that for a > w, the complete set for X9 questions is @(aH)

and not (Z)(a).

Proposition 5.14 Let o € 2<%,
(1) Let B be a X2 class for 0 < m < w

(a) The set U(B, o) is an upward-closed X9 (Cy,_o ® @(mfl)) open set if m > 1 and an
upward-closed ¢ open set if m = 1.

(b) The relation o 7B is TIY(Cp,—1 @ Q)(m)).
(2) Let B be a XY class for a > w.
(a) The set U(B, o) is an upward closed %9(Co—1 ® @(a)) open set if « is successor and
an upward closed E(l)(@(a)) open set if « is limit.
(b) The relation o 7 B is TI9(Cyy & 0.

This is uniform in ¢ and a code for the class B.

Proof. This is done by induction on the effective Borel codes. We start with o« = 0. Let V be a
30 class and o € 2<¢. Tt is clear that

UV,o0)={Y : IrCY —{0,...,|o|} [cUT] CV}
is an upward closed XY class. Then o ?FV iff U(V,0) N L[é{}o is a largeness class, that is, by
Lemma 2.2, iff for every finite set F' C (Y, the class U(V,0) N L[}Vlo is a largeness class. By
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Lemma 2.3, for each F' C Cp, the statement is 119(Mp) uniformly in F, and thus TI{ (M)
uniformly in F. Tt is then TI9(()") uniformly in F. Thus the whole statement is I19(Co @ ().

Let 1 < a < w§*. Suppose (1a)(1b) and (2a)(2b) are true for every o and every 3 < a. Let
o € 2<% and let B =/, Bs, be a X0 class. Let

UB,o)={Y : IrCY —{0,...,|o|} InocUTW¥2* —Bg }

Suppose first « = m with 1 < m < w. Let us show (la). For each n € w, the class
2% — Bg, is a X0 _; class uniformly in 0 U7 and in a code for Bg,. By induction hypothesis,
the relation o UT % 2 — Bg, is X9(Cpp—a @ Q(mfl)). It follows that U(B, o) is an upward closed
Y(Cra @ @(mfl)) class.

Let us now show (1b). By Lemma 2.2, U(B, o) ﬂugfnle is a largeness class if for all ' C C,—1,
the class U(B,0) N L{?Am’l is a largeness class. By Lemma 2.3, it is a II9(M,,_1) statement
uniformly in F and then a (M, ;) statement uniformly in F and then a H?((Z)(m)) statement
uniformly in F'. It follows that the statement “U(B, a)ﬂblé\fn "1 is alargeness class” is Y(Cr_1®
).

Suppose now « is limit. Let us show (2a). For each n € w, the class 2¥ — Bg, is a E%n class
uniformly in o U7 and in a code for Bg,. By induction hypothesis, the relation o U7 7% 2% —Bg,
is, in any case, Z?(Q)(B"H)) and thus E?((Z)(a)). It follows that U(B,o) is an upward-closed
Z?(Q(a)) open set.

Suppose now o > w with o = f + 1. Let us show (2a). For each n we have that 2¥ — Bg,
is a E% class uniformly in ¢ U7 and in a code for Bg,. By induction hypothesis, the relation

oUT W2 —Bg, is B9(Cp @@(BH)). It follows that U (B, o) is an upward closed 39 (Cp_1 @(Z)(a))
class.
Suppose a > w successor or limit. Let us show (2b). Then U(B, o) U is a largeness class if

for all F C C, the class U(B, o) OZ/I{,V‘“ is a largeness class. It is a I19(M,,) statement uniformly
in ' and then a II9(M) statement uniformly in F and then a H?(@(O‘H)) statement uniformly
in F. Tt follows that the statement U(B, ) NUz > is a largeness class is IT} (Cy @ (Z)(a+1)). O

Definition 5.15. Let (0,X) € owk. Let U be a X0 class. We define

(0,X) IF U ~ [o]CU
(0,X) IF 2 —-U < VICX[oUT]ZU
Then inductively for ¥¥ classes B = Un<w

(0,X) IF B < dn (0,X)IFBg,
(0,X) IF 2—B < VnVrCXoUT?-2Y—Bg,

Bg, , we define:

Lemma 5.16 Let p € P cx. Let B = N
n € w and every ¢ < p, ¢?+Bg,.

Bg, be a IIY, class. Then p I- (), Bg, iff for every

nw

Proof. Trivial. O

Proposition 5.17 Let p € owk. Let B be an effectively Borel set. If p IF B and ¢ < p then
q - B.

Proof. Tt is clear for X9 and II{ classes. We proceed by induction for a > 1 and suppose
B =U,<,Bs, is a X class. By definition, there is some n € w such that p I Bg,. As Bg, is a
H%n and 3, < a, by induction hypothesis, ¢ I- Bg, and thus ¢ IF B.

Suppose now B = (1, Bg, is a 0 class. By Lemma 5.16, for all n € w and all » < p,
r?=Bg,. Then if ¢ < p, then for all n and all » < g, r 7+ Bg,, . It follows that ¢ I- (), Bg,. O

Proposition 5.18 Let p € P er. Let B=U,.,Bs, beaXl class for 0 < a < w*.

n<w
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(1) Suppose p 7+ B. Then there exists ¢ < p such that ¢ I B.
(2) Suppose p 7¥ B. Then there exists ¢ < p such that ¢ IF 2 — B.

Proof. Let p € owk. We start with a = 1. Let V be a XY class and suppose p 7). Let
UV, 0)={Y : I7CY —{0,...,|o|} [cUT] CV}

The class U(V,0) N Z/{é\go is a largeness class. As z,{é\;‘O is My-cohesive, then <Z/{£g°) CUW,o).
As X € § C <U£;l°) CUV,0), thereis 7 € X —{0,...,|o|} such that [cU7] C V. As S
contains only infinite sets, X —{0,...,0 U7} € S. Then (cUT, X —{0,...,0UT}) is a valid
extension of (¢, X) such that (cUT, X —{0,...,0UT})IFU.

Suppose now that o %% U. The class U(V,0) N UMO is not a largeness class. It follows that

there is a k-cover Yy U --- U Y,_1 D w such that Y ¢ UV, o) ﬂZ/{é\;‘(’ for each i < k. As §

is partition regular and as X € S we have some ¢ < k such that ;N X € § C Ué‘go. It
follows that Y; N X ¢ U(V,0). Note that (o,Y; N X) is a valid extension of (¢, X) for which
(0, YN X)IF2¢ — V.

Suppose now B = | be a X class for 1 < a < w{*. Suppose ¢ 7+ . Let

n<w n<w

UB,o)={Y : IrCY —{0,...,|o|} InocUTH2¥ - Bg }

If « <wlet p =a—1, otherwise let f§ = «. By definition, the class U(B, o) ﬂLIé\ZB is a
largeness class. As Ué; ? is Mg-cohesive and as, by Proposition 5.14, U(B, o) is a {(Z) for some

Z € Mg, then (U3\") CUB, o). As X € 8 C {Up,") CU(B, o), there is 7 € X — {0, |o]}
such that o U 77¥ 2% — By, for some n. Note that as S contains only infinite sets we have
X —{0,...,lcuT|} € S. Also (cUT, X —{0,...,|]oc UT|}) is a valid extension of (o, X)
such that (c U7, X —{0,...,|c UT|}) 2% — Bg,. By induction hypothesis we have some
g<(cUr, X —-A{0,... |0 U T\}) such that ¢ IF Bg,. It follows that ¢ IF B.

Suppose now o 7% U . It follows that U(B, o) ﬂL{é\g ? is not a largeness class. It follows

n<w

that there is a k-cover Yo U --- U Yy_1 O w such that Y; ¢ U(B, o) ﬂl/{ggﬂ for eachi < k. As S

is partition regular and as X € &, there is some ¢ < k such that ;N X € § C L{é; 7. It follows

that Y; N X ¢ U(B, o). It means that for every 7 C Y; N X and every n € w, cUT 2% — Bg, .
It follows that (o, Y; N X) IF ), ., 2 — Bg,. O

n

Definition 5.19. Let F C owk be a sufficiently generic filter. Then there is a unique set
Gr € 2% such that for every (o, X) € F we have 0 < Gr.

Theorem 5.20 Let F C P be a generic enough filter. Let p € F. Let By = U, Bg, be

a X0 class for 0 < a < wfk. Suppose p IF B,. Then Gz € B,. Suppose p IF 2% — B,. Then
Gre2¥Y—B,.

Proof. We show the following by induction on a. Let p € L with p = (0, X). We start with

a = 1. Let U be a X{ class. Suppose p I U, that is [0] C U. Then clearly G € U. Suppose
now p Ik 2¥ — Y, that is, [c UT] € U for all 7 C X. Then also Gr € 2¥ — U.

Let now B be a X0 class. Suppose p I- Un<w Bg.- Then there exists n such that p I Bg,. By
induction hypothesis we have if F is sufficiently generic, then G € Bg, € U,,., B

Let now B be a I19 class. Suppose p I+ Mp<w Bg,- Then by Lemma 5.16 for every n and
every ¢ < p, q?Bg,. From Proposition 5.18, for every n € w and every g < p, there is some
r < g such that r I Bg,. It follows that for every n, the set {r : r |- Bg, } is dense below
p. If F is sufficiently generic, for every n € w, there is some r € F such that r |- Bg, . By

induction hypothesis it F is sufficiently generic, then for every n € w, Gr € Bg,. It follows
that Gr € N U

n<w
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5.3. Preservation of hyperarithmetic reductions

We now prove that the infinite pigeonhole principle admits strong cone avoidance for hyper-
arithmetic reductions.

Theorem 5.21 Let a < w$* be a limit ordinal. Suppose Z is not A?(@(ﬁ)) for every 8 < a.
Let F be a sufficiently generic filter. Then for every 8 < «, Z is not A?(Ggé)).

Proof. Let ® be a functional and 8 < a.. Let B* = {X : ®(X®) n) |}. We want to show that
Z #{n : Ggf) € B"}. From Proposition 5.2, B" is a E%H set for each n € w (Z% it > w and
E%H if B <w).

Let p € P e be a condition. From Proposition 5.14, the set {n : p?-B"}is H?(@(ﬁJrS)).

As Z is not H?(Q)(B%‘))? then there is some n € Z such that p 7% B" or some n ¢ Z such that
p T B™. In the first case, there is an extension g < p such that ¢ I 2 — B" for some n € Z. In
the second case, there is an extension ¢ < p such that g IF B™ for some n ¢ Z. By Theorem 5.20,
in the first case @(Gﬁrﬁ),n) 1 holds for some n € Z, and in the second case, @(GET'B),H) J holds
for some n ¢ Z.

If F is sufficiently generic, this is true for any § < a and any functional ®. It follows that

for any ordinal 3 the set Z is not E?(Gg@) and thus not A?(G;ﬁ)). O

This shows in particular cone avoidance for arithmetic degrees. In order to show cone avoid-
ance for hyperarithmetic degrees, one should additionally argue that if F is sufficiently generic,
then wff = w§¥. The remainder of this section is devoted to the proof of this fact.

Definition 5.22. A largeness class A is [-minimal, where I is a class of complexity, if for every
I'-open set U we have ANU large implies A C U.

Proposition 5.23 The class ﬂa@ﬁk Up = is Al-minimal.

Proof. For every a < w§® we have that 0 € M, and ﬂa@ﬁk UCMQQ C (M,) where (M) is

Mg-minimal. As §'® € M, we also have that (M) is minimal for %9(0) a)) open sets. It
follows that ck Ugja is Al-minimal. O

a<w

Proposition 5.24 There is a set C € [,k U @ such that C is Al-cohesive and w{ = w§¥

a<wy

Proof. Let us argue that for any upward closed partition regular class [, .., U, where each U,
is open, not necessarily effectively of uniformly, there is a Al-cohesive C' in Mp<wUn. This is
done by Mathias forcing with conditions (o, X') such that X N{0,...,|o|} = 0 and such that X
is A} with X € ,,.,,Un. Given a condition (o, X) and n we can force the generic to be in U,
as follows : As X € U, we must have that o UX € U,, because U, is upward closed. Thus there
must be 7 € X N {0,...,|o|} such that [c U] CU,. As (), ., U, contains only infinite set we
must have X — {0,..., 00Ut} €, ., Un. Thus (cUT, X —{0,...,0UT}) is a valid extension.
Let now Y be Al. We can force the generic to be included in Y or w — Y up to finitely many
elements as follow : We have X NY € (", ,Up or X N(w =Y) € ,.,Un. Then (6, X NY)
or (o, XN(w—Y)) is a valid extension.

We have that the set ck Ugj‘* is a E% class which is also upward closed and partition

regular. We also have that the class of Aj-cohesive sets is a ¥1 class. By the previous argument
their intersection is non-empty. By the X1-basis theorem it must contains C' with wlc = wfk'. O

nw

a<w

Lemma 5.25 Suppose C is Al-cohesive with C' €
k é\ja cu

ck L{é\j“. Let U be a Al open set. If

a<w

Lo NU is a largeness class, then )

c
O£<UJ1
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Proof. Suppose Lo NU is a largeness class. Let us show that U N, <wek Ugj‘* is a largeness
class. Suppose first for contradiction that it is not. Then there is a A% cover YogU---UYp_1 Dw

ck Z/ICMQO‘ such that Y; ¢ U NV for every i < k.

CM<UJ1
As each Y] is A%, there is some 7 < k such that C' C* Y;. Note also that since C € ﬂa<w
then C' € L(V) and thus L& NV is a largeness class. It follows that Y; € LNV for some j < k.
As j # i implies |Y; N C| < oo, then Y; € LNV and thus Y; € V. As Lo NU is a largeness
class then by a similar argument, Y; € Lo NU and thus Y; € U. It follows that Y; e U NV,
contradicting our hypothesis. Thus & N[ ck Ué\;l“‘ is a largeness class.

together with a Al open largeness class V 2O
fk Z/{Caa 5

a<w

Now from Proposition 5.23 we have that ) ck Ugjo‘ is minimal for Al open sets, then

a<w

Ma
ﬂa<wfk Z/[C g Z/{ ‘:‘

«

Definition 5.26. Let B =]
if the set

o B, be a Egck class. Let p=(0,X) € owk. We define p 7+ B
1

a<w

. ck w
. - - g0y . - «
{Y : IrCY —{0 lo|} Ja < wi® cUTH2Y — By} N Lo

is a largeness class.

Given a Egck class B=J ck B, the following set
1

a<w
{Y : 3rCY —{0,...,]0]} Ja < ¥ c UT 2% — By}
ok By is a IT} set of strings. We

is a IT{ open set, that is an open set | J,.plo] where B = U(Kw1

a<wek 18 increasing. Given such

also suppose that each B, is @(a)—computable and that {B,}
sets we write U, for the Af open set (J,cp_[0].

Proposition 5.27 Let U be an upward-closed IT{ open set. The class U N L¢ is a largeness
class iff there exists some a < w§* such that U, N L¢ is a largeness class.

Proof. Suppose U, N L is a largeness class. Then clearly U N Lo is a largeness class. Suppose
now that U N L¢ is a largeness class. For each n let US be the N{(C) open set such that
Lo =, US. We have

Vn Vk Ja VYo U---UY_y Ji <k Jo CY; [o] C U NUC

Note that given k and « the predicate Pg’k =VYYoU---UYg 1 di<k3Jo CYo] C uamug is
Y (C’EB@(OCH)) uniformly in n, k and . Thus the function f : w? — w§¥ which to n, k associates

the smallest a such that Py is true is a total I13(C) function. By Y1-boundedness we have
B =sup, f(n,k) < wl = w§k. Tt follows that

VY VkVYoU---UYy 1 3i<k 3o CY; o] CUsNUS
Also Ug C U is such that Ug N L is a largeness class. ([

Corollary 5.28 Let B =
n(e)
1

ck B, be a Egck class. Let (0,X) € owk-. The relation p 7+ B is
1

a<w

Proof. The relation p 7+ B is equivalent to
Ja <P {Y : ITCY —{0,...,|0]} cUTH2¥ — B} N Lo

is a largeness class O

Corollary 5.29 The class )
largeness class.

ck Ugj“ is minimal for II1 open sets U such that U N L¢ is a

a<w

Proof. Given a H%—open set U such that U N Lo, there must be a < w‘fk such that U, N Lo is a

largeness class. By Lemma 5.25 it must be that [ k é;l"‘ CU,. U

c
a<w1
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Definition 5.30. Let B = ck B, be a chk class. Let p=(0,X) € ]P)wfk. We define p I B
1

if for every 7 C X — {0,...,|o|} and for every a < w$* we have o U T ?F B,

a<w

Proposition 5.31 Let B = ()
pe F. If plk B, then Gr € B.

ck B, be a chk class. Let F be sufficiently generic with
1

a<w

Proof. Using Proposition 5.18, for every a and every g < p, there is some r < ¢ such that
r Ik By. Thus for every « the set {r : r I B,} is dense below p. It follows from Theorem 5.20
that if F is sufficiently generic, Gr € B. O

Definition 5.32. Let B =, Bn be a Zg

We define p 7+ B if the set
{Y : IrCY —-{0,...,|o|} IncUT 2 —=B,} N Lc

new

0 . _
class where each Hw{’“ set B, = ﬂa cw

ck B .
fk-‘rl ¢ n,o

is a largeness class.

Given a Eg class B=J, ., Bn with B, =) ch By, . the following set

new a<w

£+l
U={Y : ITCY —{0,...,|o|} InocuUT¥2* - B,}

a<wsk Ba is @ $1(C) set
ck is decreasing. We then write U, for the

is a X1(C) open set, that is an open set U = |J,.g[o] where B =
of strings. We furthermore assume that {B,}
Al(C)-open set erBa [o].

Computability theorists have a strong habits of working with enumerable open sets. With that
respect, Y1-open sets, that is, co-enumerable along the computable ordinals, are strange objects
to consider. Note that given such an open set we have U C () ck U, but not necessarily

a<w

a<w

equality. However the elements X of ) ot Us — U are all such that wi > wik. It is in

a<w
particular a meager and nullset.

Let us detail a little bit the set B = ﬂa<w

To ease the notation we introduce the following definition, in the same spirit as U(B, o) defined
above:

ot Bo that we can consider so that U = Usenlol

Definition 5.33. Let B be a ¥ class. We define V(B, o) to be the set
{Y : IrCY —H{0,...,|]o|} cUT ¥ B}

Given a %° class B = |,,¢,, Bn with B, =

wi:k+1 Ot<wfk Bn’a, given

U={Y : ITCY —{0,...,|o|} InocuUT¥2* - B,}
we have by Corollary 5.28 that U/ equals:
{Y : 3rCY —{0,...,]o]} In Va < w* V(2% — B, 0 UT) N L is not a largeness class}

Let

B={r : InVa<w V(2B 0cUT)NLc is not a largeness class}
Let

By={r : InVB<aV(2¥ - B,z,0UT)NLc is not a largeness class}
By i-boundedness we have that B = (1, By. We also have U = |, p[o].

We now show the core lemma that will be used to show le 7 = ws for F a sufficiently generic
filter:

Lemma 5.34 Let B = (),

o and where 8 < « implies B, C Bg. Let U = |J o] be a £}(C) upward closed open set with
U = Uyep, [0] be a Aj(C) upward closed open set. We have U C ) o Us. Furthermore,

UN L¢ is a largeness class iff for every a < wfk’ , Uy N L is a largeness class.

ck Ba, be a X}(C) set of strings where each B, is A{(C) uniformly in

a<w
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Proof. 1t is clear that U C [,
also ﬂa<wfk Uy N Lc is a largeness class.

Suppose U N L is not a largeness class. Then there is a cover Yo U --- U Yy 1 O w with
Y; ¢ UN Lc for every i < k. There must be a X{(C) open set V such that Y; ¢ U NV for every
i <k.

Let f : w — w§* be the function which on n finds a cover oo U---U oy, 2 {0,...,n} and
a such that for i < k and every 7 < 0; we have [r] C V implies 7 ¢ B,. AsU NV is not a
largeness class, f is a total I} (C) function. By ¥i-boundedness, 3 = sup,, f(n) < w{ = wt.
By compactness, there is a cover Yy U --- U Y;_1 such that for every ¢ < k if Y; € V then for
every T < Y;, 7 ¢ Bg and thus Y ¢ Ug.

It follows that Ug N L¢ is not a largeness class. U

ck Uy. Also it is clear that if U N Lo is a largeness class, then

Corollary 5.35 L¢ contains a unique largeness subclass, which is minimal for both I} and
¥1(C)-open sets U.

Proof. Suppose Uy, U are two ¥1(C) open sets with U; = Usep,lol and Ui o = Uyep,  [o]. for
1 < 2. Suppose also Uy N Lo and U; N Lo are largeness classes. By Lemma 5.34 it follows that
ﬂa<wfk Upo N Lo and ﬂa<wfk Ui o N Lo are largeness classes. By Lemma 5.25 it follows that

na<wfk é’:a - ma<wfk UO»OC and ﬂa<wfk Z/[Caa C na<o_;§k uLOt'

Thus ﬂa<wfk Up,a N ﬂa<wfk Ula = ﬂa<wfk (Up,a NU1 ) is a largeness class and thus by
Lemma 5.34 we have that Uy N U is a largeness class.

It follow that the intersection Z of every %1(C) open set U such that U N L¢ is a largeness
class, is a largeness class. Furthermore as L(é;to‘ N Lc is a largeness class for every «, the class 7

must be included in (e L[é\{f‘*. Also from Corollary 5.29 the class [

for TI}-open sets U such that U N L is a largeness class. It follows that the class Z N L is
minimal for 3}(C) and II open sets. O

a<w

Ma, ..
a<w ck Z/lca is minimal

We can now detail the class S involved in the definition of ]P)wi;k : Let § be the unique

largeness class included in £¢ which is minimal for 1(C) and II{ open sets. Note that S must
be partition regular.

Lemma 5.36 Consider a ZS)T'“H class B = |, ¢, Bn with Hgfk set B, = ﬂaewfk B, Let
p=(0,X)€ owk. Suppose o 7+ B. Then there is a condition ¢ < p together with some n such
that ¢ IF ﬂa<wi;k B

Proof. Let

U={Y : IrCY —{0,...,|o|} IncuTH2* - B,}
The class U is a $1(C)-open set and UN L is a largeness class. As S is minimal for 31 (C)-open
sets, S CU. As X € S CU. Then there is some 7 C X —{0,...,|o|} and some n such that
ocUT 2% — B,. Let now

V={Y : 3pCY —{0,...,]cUT|} Ja c UTUp?¥ By}

As c U T Uaew%h 2“ — By then VN Lo is not a largeness class. Thus there is a cover

YoU---UY,_1 = w such that Y; ¢ VN Lo for every ¢ < k. As VN L¢ is upward-closed,
XNY; ¢ VNLe for every i < k. As S C L¢ is partition regular, there is some i < k such that
XNY; €S C L. Therefore we must have X NY; ¢ V and thus

VoCXNY;—{0,...,lcUT|} VacUTUp?-B,q
Thus (o UT, X NY;) is an extension of (¢, X) such that:
(O’UT,XOE) I+ ﬂ Bn,oz

a<wfk
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Lemma 5.37 Consider a ngkﬂ class B = |, ., Bn with Hgfk set B, = ﬂa<w%k Bpo. Let

p=(0,X) € owk. Suppose o 7% B. Then there is a condition ¢ < p together with some 8 < wf’“
such that ¢ I (,c, Uacp2” — Bna

Proof. Let

new

U={Y : IrCY —{0,...,|o|} InocuUT¥2* - B,}

The class U is a $1(C)-open set and U N L is not a largeness class. Let us recall Definition 5.33
together with the notation coming after it: V(B, o) is the set

{Y : IrCY —H{0,...,|o]} oUT ¥ B}
Together with
B={r : InVa < V(B4 0UT)N L is not a largeness class}

with B = cv B such that

a<w

By ={r : InVB < aV(B,p,0UT)NLc is not a largeness class}

and with U = |J,cglo].
Using Lemma 5.34, there is some a < w$* such that the set

Uy ={Y : I7CY —{0,...,|o|} InVB < a V(B,p,0UT)N Lc is not a largeness class}

is such that U, N Lo is not a largeness class. Thus there is a cover YgU - U Y;_1 D w such
that Y; ¢ U, N Lo for every i < k. As U, N L¢ is upward-closed, then also X NY; ¢ U, N L
for every i < k. As X € § C L and as S is partition regular, there is some i < k such that
XNY;, €S C Lo It follows that X NY; ¢ U, and thus that:

VrCXNY;—{0,...,|o|} Vn 3B < a V(B, 3,0 UT)N L¢ is a largeness class

Let {fm}mew be such that sup,, B = a. Let 7 C Y —{0,...,|0|} and n € w. We have for
some m that V(B,, 3,,,0 UT) N L¢ is a largeness class. Then the set

{Y : 3pCY —{0,...,|o|} ImoUTUp¥B,5,.}NLc
is a largeness class and then
Y : 3pCY —{0,... o]} ImoUTUp? By, NU "

is a largeness class and thus that o U7 7, 2% — By, g,,. As this is true for every n and every

TCY —{0,...,|o|} it follows that (o, X NY;) is an extension of (o, X) such that
(0, XnY) - U2 - Bugs
new f<a

O

We now show that if 7 C owk is sufficiently generic, then wff = w$*. We use the following

fact : If wf > wfk, then in particular some G-computable ordinal must code for wfk , that is,
there must be a G-computable function ® such that for every n, ®(G,n) codes, relative to G,
for an ordinal smaller than w{* and with sup,, |®(G, n)| = w§*. We show that this never happens
by forcing that for every functional ® either for some n, ®(G,n) does not code for an ordinal
smaller than w¢*, or there is an ordinal o < w$* such that ®(G, n) always codes for some ordinal
smaller than «.

Given G and « let OF be the set of G-codes for ordinals smaller than a. For a < w$¥, the

class {G : n € 0F} is Al uniformly in o and n.

Theorem 5.38 Suppose F C owk is sufficiently generic. Then le F = wf’“
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Proof. Let p € owk be a condition. Given a functional ® : 2“ x w — w, let
B={X : 3nVa<w{ &X,n)¢ O}
Suppose p 7+ B. Then from Lemma 5.36, there is an extension ¢ < p and some n such that
qIF {X : Vo < ®(X,n) ¢ OX}

It follows from Proposition 5.31 that if F is sufficiently generic for every a < w$*, ®(Gr,n) ¢
ng . Suppose now p ¥ B. Then from Lemma 5.37, there is an extension ¢ < p and some
o < ws* such that

qIF{X : ¥n ®(X,n) c OX}

It follows from Theorem 5.20 that if F is sufficiently generic, sup, ®(Gr,n) < a. O

5.4. Tight a-jump cone avoidance
In this section, we use a restriction of the forcing owk to give another proof of Turing cone

avoidance. For a (Z)(a)—computable set B, we will find a generic G € [A]* such that B is not G(®-
computable. The difficulty is that the forcing question for ]P)wfk (Definition 5.12) is more complex
than the one of Definition 3.7. The proof of cone avoidance will then be more complicated. The
advantage is that we do not need disjunctive requirements and we have a sufficient condition on
any set A so that B is not G(®)-computable for some G € [A]“ : we simply need A € Uz )
which we know happens for at least A or A.

Let us first slightly modify the sets {M.},<q of our forcing conditions : In addition to the
requirements of Proposition 5.7 we also make sure using the relative cone avoidance theorem
for T1Y classes that for any v < «, the set M., does not compute B. Let P, be the same forcing
as P o, except that for (0, X) € Py we only require X € (Ug, *) instead of X € S.

Theorem 5.39 Suppose that B is not A?((Z)(a)) forl<ac< wfk. Let F C P, be a sufficiently
generic filter. Then B is not A?(G(fa)).

Proof. Let ® be a functional. Let B = {X : ®(X® n) |= 0} and let B'"" = {X
®(X(@ n) |=1}. We want to show that B # {n : GS—_O‘) €B}orw—B#{n : G(]?) € BLn}.
From Proposition 5.2, for each n, B%" and B'" are ¥0 classes whenever o > w and 29n+1

classes whenever a = m < w.
Let p = (0, X) be a forcing condition. For each n € w, let B®™ = |J,,, Bg;n and B =

Urew Bébn Suppose first that AN L{é\,:“ is a largeness class, where
A={Y : 3,1 CY {0, [ol} Ana,b) o Urg % 29 = BY" Ao Uy %29 — B}

As Uz ™ is Mg-cohesive we must have A C (Uy *) and thus X € A C (Ug *). Then there is
70,71 C X and n,a,b such that o U7 %% 2% — By" and o U % 2% — By". If n € B we let
g=(cUm,X —{0,...,lcUTr|}) and if n ¢ B we let ¢ = (c U9, X —{0,...,|c Ump|}). We
have ¢ < p. In the first case we have ¢ I BY™ and in the second case we have ¢ I- B%™. In the
first case we have Gx € BY™ and then G ¢ B%" for n € B. Then B # {n : G € B%"}.
Symmetrically in the second case we have w — B # {n : Gz € B""}.

Suppose now that A NUg * is not a largeness class. For any ¢ < p let

Bi={n:Ir<qriFB*} and B{={n: Ir<qri-B""}

Suppose first that for some ¢ < p we have Bl # B or B} # w — B. Suppose first Bl # B.
If there is n such that n ¢ B and n € B{, then r IF B%" for some r < ¢ and we have
B # {n : Gr € B®}. If there is n such that n € B and n ¢ B{, then for all r < ¢
we have r ¢ B%". Thus there must be r < ¢ such that » |- 2¥ — B%" It follows that
B#{n : Gr € B%"}.
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Suppose now B # w — B. Symmetrically if there is n such that n ¢ w — B and n € BY, then
w—B#{n : Gr € B4"}. Still symmetrically if there is n such that n € w — B and n ¢ BY,
we have w — B # {n : G € BY"}. Suppose now for contradiction that:

(1) For all ¢ < p we have B! = B and Bf =w — B
As AN ngja is not a largeness class, there must be a cover YU ---UY,_1 € M, such that
Y ¢ .Aﬂl/lé\;l“ for every i < k. Note that either & = m in which case B%" is a X0 . | class which
implies that Y € M,, = M,, or a > w in which case B%" is a X0 class which implies that

Y € M,.
As (Ug @) is partition regular there must be i < k such that X N'Y; € ({Uz *). We also have

Y; € Uy ) CUg > and then Y; ¢ A. Thus
(2) for all n,a,b, for all 79,71 CY —{0,|o|} the following holds:

O‘UTQ?l_2w—Bg;n orcrUTl?l—2“’—B[13;n

We shall now argue that for all n € B there exists 7 CY —{0,...,|o|} together with a such
that o U T 7¥ 2% — Bg;n. Let n € B. Suppose for contradiction that o 7% ,c,, Bg;n. Then there

is some ¢ < p such that ¢ I+ 2% — B%" which contradicts (1). Thus o ?,c,, Bg;n. It follows

that there exists 7 CY — {0,...,|o|} together with a such that o U7 7 2% — Bg’a".
Symmetrically, we show that for all n € w — B there exists 7 C Y —{0,...,|o|} together with
b such that o U T 7% 2% — 8}3;". Therefore, for every n € B we have using (2) that:

(1) There exists some 7 CY —{0,...,|o|} and a € w such that o U7 7#2% — Bg’:

(2) Forall 7 CY —{0,...,|o|} and for all b € w, o UT 222 — By"
Symmetrically, for every n ¢ B we prove, using (2), that:

(1) There exists some 7 CY —{0,...,|o|} and b € w such that o U T 7% 2% — B}an

(2) Forall 7 CY —H{0,...,|o|} and for all @ € w, o U T 7H-2% —Bg;"

We can now compute B as follows : For each n € w, look for some 7 C Y — {0, |o|} and some
¢ € w such that either o U7 %2% — BL™ or o UT %29 — Bg’cn. This is a ¥(M,,) event. Thus

c

B is AY(M,,), which is a contradiction.
(]
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