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37:2 A characterization of subshifts with computable language

Subshifts are colorings of Zd by some finite alphabet Σ avoiding some family of forbidden24

patterns. They are closed shift invariant subsets of ΣZd . The most commonly studied family25

of subshifts are the subshifts of finite type (SFTs), those that can be defined via a finite26

family of forbidden patterns, which correspond to the sets of colorings by Wang tilesets.27

It is well known since the work of Berger [5] that many problems or invariants in tiling28

theory, and therefore for subshifts of finite type, are not computable. A recent trend in29

multidimensional symbolic dynamics initiated by Hochman [16, 17] shows that computability30

is not a fluke but an integral part of the study of subshifts. Indeed, many recent results show31

precise correspondences between computability notions and invariants for subshifts [25, 19].32

This has led to the study of another class of subshift, effective (or effectively closed) subshifts:33

subshifts which are defined by a recursively enumerable family of forbidden patterns.34

Of particular interest is the embedding (simulation) theorem by Hochman [16], extended35

by Aubrun-Sablik and Durand-Romashchenko-Shen [2, 10], that characterizes effectively36

closed subshifts, as projections of higher dimensional subshifts of finite type,37

This theorem is strikingly similar to theorems in combinatorial group theory and first38

order logic. The Higman embedding theorem [14] characterizes recursively presented groups,39

i.e. groups given by a computable set of relators, as subgroups of finitely presented groups, i.e.40

groups given by a finite set of relators. The Kleene-Craig-Vaught [21, 8] theorem characterizes41

recursively axiomatisable theories, i.e. theories given by a computable set of axioms, as42

syntactic restrictions of finitely axiomatisable theories, i.e. theories given by a finite set of43

axioms.44

Based on this analogy, the first author described a general theory [18] in which many45

theorems of these three fields can be formulated using an unified framework, and a dictionary46

between similar notions can be established. The framework is quite abstract and it cannot47

be used to prove the embedding theorems above for all these theories at once: they rely after48

all in each case on properties of an encoding of Turing machines, and this encoding heavily49

depends on the theory under consideration. It suggests nonetheless that there is more than a50

similarity between these theorems, and that something deeper is to be found.51

In this article, we study this by providing analogues in symbolic dynamics of the other52

embedding theorems of Higman:53

The relative Higman theorem [15] which, as its name indicates, is a relativized version of54

the classic Higman theorem55

The Boone-Higman-Thompson [6, 26] theorem that characterizes groups with computable56

word problem as subgroups of simple recursively presented groups.57

The first theorem is presented in section 2.2. It is very similar to a theorem in a previous58

article by Aubrun and Sablik [1]. As we will explain, their article suffers however from59

unfortunate mistakes and the theorem they proved is regrettably wrong.60

The second theorem is presented in section 2.3. The Boone-Higman-Theorem in our61

context, becomes: “A subshift has a computable language iff it is the restriction of a minimal62

subshift, itself a restriction of a subshift of finite type”. Using recent results from Durand63

and Romashchenko [11], this can be simplified to “A subshift has a computable language iff64

it is the restriction of a minimal subshift of finite type”. Whether such a simplification is65

possible for groups (i.e. whether any group with a computable word problem is a subgroup66

of a finitely presented simple group) is a long standing open question.67

The article is organized as follows. We first start with defining the relevant notions68

from symbolic dynamics, computability theory, and group theory. We will then explain how69

concepts from group theory translate into notions of symbolic dynamics. The remaining70
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part is devoted to the proof of the three Higman theorems for subshifts: the classic Higman71

theorem (a slight reformulation of the Hochman-Aubrun-Sablik-Durand-Romashchenko-Shen72

theorem), the relative Higman theorem and the Boone-Higman-Thompson theorem.73

1 Preliminary definitions74

1.1 Subshifts75

The d-dimensional full shift is the set ΣZd where Σ is a finite alphabet whose elements76

are called letters or symbols. Each element of the full shift may be seen as a coloring of77

Zd with the letters of Σ. For v ∈ Zd, the shift function σv : ΣZd → ΣZd is defined by78

σv(xz) = xz+v. The full shift equipped with the distance d(x, y) = 2−min{‖v‖ | v∈Zd,xv 6=yv}79

forms a compact metric space on which the shift functions act as homeomorphisms. A closed80

shift invariant subset X of ΣZd is called a subshift or shift. An element of a subshift X is81

called a configuration or point.82

Subshifts are exactly the subsets of ΣZd that avoid some family of forbidden patterns.83

A pattern of shape P , where P is a 4-connected1 finite subset of Zd, is an element of ΣP
84

or alternatively a function p : P → Σ. A configuration x avoids a pattern p of shape P if85

∀z ∈ Zd, p 6= σz (x)|P .86

Subshifts can thus be defined by some family of patterns they avoid. When a subshift can87

be defined this way by a finite family, it is called a subshift of finite type. When a subshift can88

be defined by a recursively enumerable family of forbidden patterns, it is called an effectively89

closed subshift.90

If X is a subshift, we denote by L (X) its language, i.e. the set of patterns that appear91

somewhere in one of its points.92

I Example 1. The set X1 of all biinfinite words over the alphabet {a, b} that do not contain93

the word aa is, by definition, a subshift. It is defined by the set of forbidden patterns94

F = {aa}. Another possible defining set of forbidden patterns is F = {aab, aaa}95

I Example 2. The set X2 of all biinfinite words over the alphabet {a, b} where the letter96

a appears at most once is a subshift. It is defined e.g. by the set of forbidden patterns97

F = {abna, n ∈ N}. It can be proven that it is not a subshift of finite type, although it is98

certainly an effectively closed subshift.99

We denote by Σd? the set of d-dimensional patterns over the alphabet Σ. For d = 1,100

we write this Σ?. As an abuse of notation, we consider a d-dimensional pattern to be also101

a k-dimensional pattern for k > d along the d first dimensions: as an example if X is a102

d-dimensional subshift, L (X) ∩ A? is the set of one dimensional patterns (i.e. horizontal103

words) over the alphabet A that appear in X.104

I Example 3. Let X3 be the two-dimensional subshift over the alphabet {0, 1} defined with105

the set of forbidden patterns F = {( 1
1 ), ( 1 1 )}. X3 is therefore the set of colorings of the106

plane with 0 and 1 s.t. no two symbols 1 can be put next to each other. It is easy to see107

that ( 0 1
1 0 ) ∈ L (X3) but ( 1 0

1 0 ) 6∈ L (X3).108

Notice that any subshift X can always be defined by its set L (X)c. In particular X is an109

effectively closed subshift iff L (X)c is recursively enumerable.110

1 The exact notion of connectedness we use is irrelevant. However it is crucial in what follows to look
only at connected patterns.
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37:4 A characterization of subshifts with computable language

1.2 Combinatorial Group Theory111

We assume the reader has a passing familiarity with group theory, and will focus this brief112

description to the specifics of combinatorial group theory.113

A good introduction to this particular aspect may be found in [22, 24]. The book by114

Higman and Scott [15] contains invaluable information about the interplay between group115

theory and computability.116

A set of generators for a group G is a set S s.t. for any g ∈ G, there exist s±1
1 , . . . , s±1

n ∈ S117

such that g = s1 · · · sn. A group is finitely generated if there exists a finite such S.118

Let a1 . . . ak be a set of generators for some finitely generated group G. The word problem119

for G, denoted WP (G, {a1 . . . ak}) is the language of all formal words over the alphabet120

{a±1
1 . . . a±1

k } that evaluates to 1 (the identity element) in G. The computability properties121

of WP (G, {a1 . . . ak}) do not depend on the set of generators (as long as it is finite), so that122

we will usually speak of the word problem as WP (G) without specifying the generators.123

There is (up to isomorphism) a unique largest group generated by n elements, which is124

called the free group Fn on n generators. If the generators are written a1 . . . an, Fn can be125

thought of as the set of all irreducible words over the alphabet {a±1
1 . . . a±1

n }, i.e. all words126

that do not contain aia
−1
i or a−1

i ai as factors, with the obvious product operation.127

Fn is the largest group with n generators a1 . . . an in the sense that if G is a group with128

n generators s1 . . . sn, then there is a unique onto morphism φ s.t. φ(ai) = si.129

In particular any group with n generators can be seen as a quotient of a free group. This130

gives rise to the notion of groups given by generators and relations.131

If R is a set of formal words over {a±1
1 . . . a±1

n }, we denote by 〈a1, a2, . . . an | R〉 the132

largest group G generated by n elements a1 . . . an s.t. all relations in R evaluate to 1 in the133

group G. Formally, G is the quotient of the free group Fn by the smallest normal subgroup134

N of Fn that contains all relations R.135

A finitely generated group G is finitely presented if G = 〈S | R〉 for some finite S and R,136

or more generally if G is isomorphic to such a group. G is recursively presented if G = 〈S | R〉137

for some finite2 S and recursively enumerable set R.138

I Example 4. The group G = Z× Z/3Z is finitely presented. A possible finite presentation139

is G =
〈
a1, a2

∣∣ a1a2a
−1
1 a−1

2 , a3
2
〉
. There are of course other presentations with the same140

generators, for example G =
〈
a1, a2

∣∣ a2a1a2a
−1
1 a2, a

3
2
〉
.141

For this groupG, we have a1a2a1a2 6∈ WP (G, {a1, a2}) and a2
1a2a

−1
1 a2a

−1
1 a2 ∈ WP (G, {a1, a2}).142

Notice that for all groups G with generators S, we have that G = 〈S | WP (G,S)〉 and143

that G is recursively presented iff WP (G) is recursively enumerable.144

1.3 Subshifts as analogs of subgroups145

There is a natural analogy between subshifts and subgroups, which is obtained in the following146

way: the alphabet plays the role of the generators and the forbidden patterns play the role147

of the relations.148

If X is a d-dimensional subshift over the alphabet Σ given by the forbidden patterns F ,149

we will write X = 〈Σ | F〉d to further stress the analogy between groups and subshifts.150

Continuing the analogy, the word problem WP (G) of G correspond naturally to the151

complement of the language of X, L (X)c. In particular, if S is a set of generators, G =152

〈S | WP (G,S)〉. If X is a subshift over alphabet Σ, then X = 〈Σ | L (X)c〉d.153

2 One could take more generally S to be recursively enumerable
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To further the correspondence, we need an analogy in subshifts of the operations of154

adding/removing generators and relations. In terms of groups, H is obtained from G by155

adding relations iff H is a quotient of G. In terms of subshifts, Y is obtained from X156

by adding forbidden patterns iff X ⊆ Y . So taking a quotient corresponds to subshift157

containment.158

If H is obtained from G by removing generators, it means that H is a subgroup of G159

(of course not all subgroups can be obtained this way). What the operations of removing160

symbols means for subshifts is discussed in the following section.161

1.3.1 Removing symbols and dimensions162

Removing symbols, or removing dimensions, is intuitively easy:163

I Definition 5. Let X ′ be a subshift over an alphabet Σ′ of dimension d′ and let Σ ⊆ Σ′ and164

d < d′, the (Σk, d) restriction X of X ′ is the set of d-dimensional configurations of width k165

over the alphabet Σ that appear in X ′. We write X ≺ X ′ if X is some restriction of X ′.166

By compactness X is exactly the subshift of dimension d over the alphabet Σk that forbids167

all patterns in L (X ′)c ∩
(
Σk

)?d.168

I Example 6. Let X ′ = 〈a, b | ( a a ), ( b b ), ( a
b ), ( b

a )〉2, it is easy to see that X ′ contains only169

two configurations: a and b alternate on every row, and columns are uniform. That is every170

configuration locally look like figure 1.

. . . . . . . . . . . . . . . . . . . . . . . .

. . . a b a b a b . . .

. . . a b a b a b . . .

. . . a b a b a b . . .

. . . a b a b a b . . .

. . . a b a b a b . . .

. . . . . . . . . . . . . . . . . . . . . . . .

Figure 1 Configurations of X ′.

171

The ({a, b}, 1) restriction of X ′ is therefore the one-dimensional subshift that contains172

all two configurations, that alternate a and b. The ({a}, 1) restriction of X ′ is the empty173

subshift, and the ({a, b}2, 1) restriction contains exactly the two configurations that alternate174

( a
a ) and

(
b
b

)
.175

In terms of computability, the restriction is significant : If X ≺ X ′ then X can be more176

complicated than X ′:177

I Proposition 7. If X ≺ X ′ then L (X) is corecursively enumerable in L (X ′).178

Indeed P ∈ L (X) iff for all n there exists a d′ dimensional pattern of size n in L (X ′) with179

P at its center. (More precisely, L (X)c is enumeration-reducible to L (X ′)c, see below for180

the definition.)181

I Proposition 8. There exist two subshifts X ≺ X ′ s.t. L (X ′) is computable and L (X) is182

not computable.183

STACS 2019



37:6 A characterization of subshifts with computable language

Proof. Let X be any one-dimensional effectively closed subshift over the alphabet {a, b}184

with a noncomputable language. It is well known that X can be given by a computable185

family of forbidden patterns F (see e.g. [3]).186

Now let X ′ be the subshift over the alphabet {a, b,#} given by the same family of187

forbidden patterns. It is clear that L (X ′) is computable. Indeed, let w ∈ {a, b,#}? and write188

w = #u1#u2 . . .#uk# with ui ∈ {a, b}?, with the # symbols at the ends possibly missing.189

Then w ∈ L (X ′) iff each ui does not contain any element of F . For the nontrivial direction,190

observe that in this case the biinfinite word ω#w#ω does not contain any forbidden word191

of F . As F is computable, we can test whether each ui contains any element of F , and192

therefore L (X ′) is computable.193

On the other hand, the restriction of X ′ to the alphabet {a, b} is our initial subshift X,194

which has an uncomputable language. J195

This is in contrast with combinatorial group theory, where a (f.g.) subgroup of a group196

with a computable word problem has immediately a computable word problem. This is due197

to the fact that looking at subshifts makes us look at infinite objects given by finite words.198

To obtain theorems similar to Higman’s, we will have to force an additional restriction:199

I Definition 9. Let X ′ be a subshift over an alphabet Σ′ of dimension d′ and X be a subshift200

over an alphabet Σ ⊆ Σ′ of dimension d < d′. We say that X is a full restriction of X ′, in201

symbols X v X ′ if L (X) = L (X ′) ∩ Σ?d
202

In other words, if X the (Σ, d) restriction of X ′, then every d-dimensional infinite word203

over Σ that can be found in X ′ is in X. Here we also ask that every finite word over Σ that204

can be found in X ′ is already in X. In this case:205

I Proposition 10. If X ≺ X ′ then L (X) is many-one reducible to L (X ′). In particular if206

L (X ′) is computable, then L (X) is computable.207

Proof. Obvious by definition: L (X) = L (X ′) ∩ Σ?d J208

In this paper we will not be using restrictions of width more than 1.209

1.3.2 Adding symbols and dimensions210

The operation of adding a dimension is quite obvious.211

I Definition 11. Let X be a subshift of dimension d over the alphabet Σ. The extension X ′212

of X to dimension d′ is the subshift of dimension d′ that avoids all patterns of L (X)c.213

A point of X ′ therefore looks like elements of X stacked in the additional dimensions3. Notice214

that by definition X v X ′.215

Adding symbols is also easy to define:216

I Definition 12. Let X be a subshift of dimension d over the alphabet Σ. The extension X ′217

of X to alphabet Γ ⊃ Σ is the subshift over the alphabet Γ that avoid all patterns of L (X)c.218

3 Note that this definition readily generalizes with X over an alphabet Σk and X ′ with alphabet Σ:
every row of with k must avoid all patterns of L (X)c.
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Notice that X ′ is defined using all patterns of L (X)c, not only a defining set of forbidden219

patterns. Notice also that X v X ′.220

To understand what the points of X ′ look like, we will first look at an example where221

Γ = Σ ∪ {#} and X is one-dimensional. In this case, a typical element of X ′ is of the form222

. . .#u−1#u0#u1#u2 . . . where each ui is a finite word in L (X). Notice in particular that223

there is no relation between the word ui and the word ui+1.224

If we look at a similar construction in dimension 2, we would see patterns of L (X) that225

are separated by # symbols, see Figure 2. The # symbol in the example is what is typically

#
#
#
#
#
#
#
#
#
#
#
#
#

#
#
#
#
#
#
#
#
#
#
#
#
#

#
#
#
#
#
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#
#
#
#
#
#
#

#
#
#
#
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#

#
#
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#
#
#
#
#
#
#

#
#
#
#
#
#
#
#
#
#
#
#
#

u1

u2

u3

u4

Figure 2 A configuration of X ′, the exten-
sion of X ⊆ ΣZ2

to alphabet Γ = Σ∪ {#}: any
(connected) pattern of X can appear anywhere,
as long as there are some # separating it from
other patterns of X. The (unconnected) pat-
tern consisting of u1, u2, u3 and u4 may not
appear in a valid configuration of X.
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c
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c

c

c

c

c

c

c

c

c
b

a
b

c

c

c

a
b

a

c

c

c
b

a
b

c

c

c

a
b

a

a
b

a
b

a
b

a

Figure 3 A portion of a valid
configuration of the free product of
X = 〈a, b | ( a a ), ( b b ), ( a

a ), ( b
b )〉2 and

Y = 〈c, d | ( c d ), ( d,c ), ( c
d )〉2 , the 4-connected

components of X and Y are gray and blue
respectively.

226

called a safe symbol [7, 20] in symbolic dynamics, and is one of the typical conditions needed227

to obtain good mixing properties on subshifts.228

More generally, we could define in the same way the free product of two subshifts:229

I Definition 13. Let X and Y be two subshifts of the same dimension on disjoint alphabets230

A and B respectively. The free product X ∗ Y is the subshift Z on A ∪ B with forbidden231

patterns L (X)c ∪ L (Y )c
232

A typical example of a point in Z is depicted in Figure 3. The discrete plane is divided233

into 4-connected zones that each correspond to a valid pattern of X or a valid pattern of Y .234

We note that, for this construction to work, we need the language of a subshift to be235

defined in terms of connected patterns. If we took as the language of a subshift to be all236

patterns, connected or not, then the extension of X to alphabet Σ ∪ {#} would merely237

consist in points of X with some symbols changed to #, which is a different beast altogether.238

2 The three embedding theorems239

In this section we prove the equivalent versions of the Higman embedding and Higman240

relative embedding theorems. To make the article easier to read, we will take some liberties241

STACS 2019



37:8 A characterization of subshifts with computable language

Group G Subshift X

Group with n generators Subshift on n symbols
Free group with n generators Full shift on n symbols
Word problem WP (G) co-language L (X)c

Finitely presented group SFT
Recursively presented group Effectively closed subshift
Simple group Minimal subshift
G1 is a quotient of G2 X1 ⊆ X2

G1 ⊆ G2 X1 v X2 (Definition 9)

Table 1 Dictionary between groups and subshifts.

when stating the theorems of Higman. To obtain more exact statements, “G is a subgroup242

of H” should be replaced by “G is isomorphic to a subgroup of H”.243

Table 1 gives the correspondence we will use between the vocabulary of groups and the244

vocabulary of subshifts. It is based on the previous discussion and on the article [18]. The245

correspondence is not exact, but serves as an intuition for the theorems.246

2.1 The Higman embedding theorem247

We start with the first Higman embedding theorem:248

I Theorem 14 (Higman embedding theorem [14]). A f.g. group G is recursively presented iff249

there exists a finitely presented group H s.t. G ⊆ H.250

I Theorem 15 (Higman embedding theorem for subshifts). A d-dimensional subshift X over251

an alphabet Σ is effectively closed iff there exists a d+1 dimensional SFT X ′ over an alphabet252

Γ ⊇ Σ s.t. X v X ′253

As stated in the introduction, this theorem corresponds very closely to a result on254

subactions of subshifts first discovered by Hochman [16] and then improved by Aubrun-255

Sablik-Durand-Romashchenko-Shen. We first restate the theorem in a suitable form:256

I Theorem 16 ([2, 9]). A d-dimensional subshift X over an alphabet Σ is effectively closed257

iff there exists a (d+ 1)-dimensional SFT X ′ ⊆ (Σ× Γ)Zd+1 such that258

X =
{
x

∣∣ (x↑, y) ∈ X ′
}

259

where x↑ is the configuration where for any z ∈ Zd and j ∈ Z, x↑z,j = xz.260

Proof of Theorem 15. All these constructions have one or several computation layers that261

check a layer on which the effectively closed subshift is written. In our case instead of262

superimposing the computation layer and the verified layer, we interleave them : if c =263

(x, y) ∈ X × Y in the original construction, the new configuration c′ would be formed by264

c′(i,2j) = x(i,j) and c′(i,2j+1) = y(i,j). This remains an SFT.265

We may further assume that the alphabet for the computation is disjoint from the266

alphabet of the checked subshift. Thus, by restricting the language to the words belonging267

to the alphabet of the checked layer, only this layer remains. J268

Note that Higman’s original theorem is valid non only for finitely generated groups but269

for general groups. To obtain a similar statement for subshifts, one would need to deal with270

subshifts over an infinite alphabet. We think that Hochman’s original result [16] on effective271

dynamical systems provides such a generalization.272
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Figure 4 In [16, 2, 9] some layer contains a vertically repeated sequence (xi)i∈Z that is checked
by some other layers which are superimposed as on the left. It is quite straigtforward to tranform a
construction which has layers to an interleaving of the layers as seen on the right.

2.2 Higman’s relative embedding theorem273

The relative Higman theorem is, as its name indicates, the relativized version of the Higman274

embedding theorem, and states conditions on when a group G can be obtained as a subgroup275

of an extension of a group H. We first need a definition:276

I Definition 17 ([15]). A group K is finitely presented over G if K can be obtained from G277

by adding finitely many generators and finitely many relations278

See [15, Definition 6.1] for the exact definition. The Higman relative embedding theorem then279

characterizes when a group G can be obtained as a subgroup of a group finitely presented in280

H. The classical relative embedding theorem correspond to the case where H is trivial. It281

turns out that the necessary computability criterion has to do with enumeration-reducibility,282

that we now define:283

I Definition 18 ([13]). If L and M are two sets we say that L is enumeration-reducible284

to M , in symbols L ≤e M if there exists a partial computable function f : N× N→ Pf (N)285

where Pf (N) is (a computable representation of) the set of all finite subsets of N s.t.286

x ∈ L ⇐⇒ ∃n, f(n, x) ⊆M287

The definition might seem quite obtuse at first. Intuitively, L ≤e M if there is a computable288

procedure that can enumerate L from any enumeration of M .289

The relative embedding theorem is then as follows:290

I Theorem 19 (The relative Higman embedding theorem [15]). K is a subgroup of a group291

that is finitely presented over G iff WP (K) ≤e WP (G).292

We will now prove our version of the theorem. We first need an analog of “finitely293

presented over” in terms of subshift:294

I Definition 20. Let Y be a subshift over an alphabet Σ. U is of finite type over Y if U is295

obtained from Y by adding finitely many new symbols, dimensions, and finitely many new296

forbidden patterns.297

That is, U = Y1 ∩ Y2, where Y1 is an extension to a larger alphabet and higher dimension298

(in the sense of Definitions 11 and 12) of Y , and Y2 is a subshift of finite type. To be299

consistent with the exact definition for groups, we also need that Y v U , that is for none of300

the new forbidden patterns to contain only symbols of Σ.301
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This definition is straightforwardly extendable to effective subshifts:302

I Definition 21. Let Y be a subshift over an alphabet Σ. U is effectively closed over Y if303

U is obtained from Y by adding finitely many new symbols, dimensions and a recursively304

enumerable set of new forbidden patterns. As before, it is required that Y v U .305

A straightforward corollary of Theorem 15 is the following:306

I Corollary 22. If Y is effectively closed over X, then there exists a subshift Z of finite type307

over Y such that X v Y v Z.308

We can now formulate our theorem.309

I Theorem 23 (The relative Higman embedding theorem for subshifts). Let X be a subshift310

over an alphabet A and Y be a subshift over an alphabet B disjoint from A.311

Then L (X)c ≤e L (Y )c iff there exists a subshift U of finite type over Y such that X v U .312

Let Y = ∅ be the empty subshift over the alphabet {0}. Then a subshift of finite type over313

Y is exactly the same as a subshift of finite type. Furthermore L (X)c ≤e L (Y )c means314

that L (X)c is enumeration reducible over the full set, which is equivalent to saying that315

L (X)c is recursively enumerable. In the case Y = ∅ this theorem is therefore equivalent to316

Theorem 15. Before going into the proof, we will give a few remarks.317

First we want to state that this result is very similar, but incompatible with a result318

of Aubrun and Sablik[1]. The result of Aubrun and Sablik states that X can be obtained319

from Y using some operations (very similar to ours) iff L (X)c ≤s L (Y )c where ≤s is strong320

enumeration reducibility [13]. It turns out that there are many mistakes in the proofs so321

that the result as stated in their paper is actually provably wrong (the authors have been322

contacted and a corrigendum is being worked on). Problems arise in both directions in the323

proof. First, if X can be obtained from Y , then it is not true that L (X)c ≤s L (Y )c. The324

authors use in their proof a lot of dovetailing arguments, but dovetailing arguments cannot325

be used for their reduction ≤s. As an example, A ≤s B does not imply A × A ≤s B or326

A? ≤s B [23]. In fact, the smallest reducibility relation that contains ≤s and that satisfy327

these statements is the reduction ≤e we used [23]. There are also some mistakes in the328

reverse direction that have been patched in Aubrun’s PhD thesis, but only for the case of329

mixing subshifts. In fact, the set of operations the authors were taking is not sufficient to do330

the operations for general subshifts.331

Proof. For simplicity, we focus on the case where the two subshifts are one-dimensional. Let332

X ⊆ AZ and Y ⊆ BZ be subshifts.333

⇐: It is clear that if there exists U of finite type over Y with alphabet C ⊆ A ∪B such334

that L (X) = L (U) ∩ A? then L (X)c ≤e L (Y )c: it is clear that L (X)c ≤e L (U)c, so we335

only need to prove that L (U)c ≤e L (Y )c. Take an enumeration of L (Y )c since U is of finite336

type over Y , any pattern not in L (Y ) is not in L (U) and furthermore, to determine that337

a pattern p is in L (U)c, by compactness, one only needs to find some size at which it is338

impossible to form a valid pattern with p in its center. The procedure is the following: for339

every k, enumerate the k first patterns of L (Y )c and check for all radiuses smaller than k340

whether each extension of p to this radius contains either some forbidden pattern enumerated341

this far or one of the patterns defining U from Y (which are in finite number). If there342

exists such a radius, it will be found at some step, p is then added to the enumeration. Thus343

L (X)c ≤e L (Y )c.344

⇒: Assume L (X)c ≤e L (Y )c, we will construct a 2D subshift U effectively closed over345

Y such that L (X) = L (U) ∩A?, the result then follows by applying Corollary 22. In order346

to achieve this, from Y we will construct two intermediary subshifts:347
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First we will construct YL: a 2D subshift in which the language of Y will be arranged in348

a dyadic like fashion. This subshift will be effective in Y . This subshift will serve as an349

“oracle” allowing to know whether a pattern is or is not in Y in a bounded manner: one350

configuration at least will contain all the patterns appearing in Y in bounded windows351

with computable sizes.352

From YL we can then construct U , in which one row out of two will be identical and353

belong to X and one row out of two will be in YL. This subshift is obtained by adding354

a recursively enumerable set of forbidden patterns and is thus effective over Y . By355

restricting the alphabet of this subshift we obtain X.356

Let us now describe more precisely the different intermediate subshifts and how they are357

constructed, starting with YL:358

While Y is one dimensional, YL consists of two dimensions, its alphabet is ΣYL
= B∪{#},359

with # a special symbol not belonging to B.360

YL will consist of rows, each of which will have a type: an integer n ∈ N∪ {∞}. A row of361

type i 6=∞ has to be periodic. One row out of two will be of type 1, one row out of two362

in the remaining ones will be of type 2 and so on.363

Let us define inductively a row of type i: a row of type i consists of a sequence of |B|2
i−1

364

words of length 2i − 1 each, separated by # and repeated periodically. All rows of some365

type in a configuration must be identical and a word appearing in a row of type i must366

be a subword of some word of a row of type (i+ 1), see Figure 5. Thus, a word of some367

type i must appear as a subword of some word in a line of type k for any k > i which368

does not contain a forbidden pattern of Y and thus appears in some configuration of Y .
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Figure 5 A typical point of YL : each line of type i is periodic of period |B|2
i−1
· 2i and each

word wi
k in included in some word wj

k′ for all j > i.
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Thus YL is a 2D arrangement of words of L (Y ) in a uniformly recurrent way, and there370

exists at least one configuration containing all of L (Y ). Furthermore, YL is effective over371

Y .372

We describe how to construct U from YL: we know that L (X)c ≤e L (Y )c. Thus, there373

exists a computable f : N× N→ Pfinite(N) such that:374

x ∈ L (X)c iff ∃n ∈ N, f(x, n) ⊆ L (Y )c
375

In other words, some word w is in L (X) iff for any n ∈ N, there is some word of f(x, n)376

in L (Y ). That is to say, supposing L (Y ) is given as an oracle, we have an enumerable377

way to check that a word w belongs to L (X): enumerate the n ∈ N and compute f(w, n)378

and check that at least one element belongs to L (Y ), if not halt. The computations that379

do not halt are the ones where w belongs to L (X).380

Given YL, this can be implemented in an effective way: take x ∈ AZ and y ∈ YL. We381

interleave x in y by using the same technique as in figure 4: we insert a copy of x between382

each pair of lines of y.383

We now need to ensure that all words on the lines with alphabet A belong to L (X).384

This may also be done by adding a recursively enumerable set of forbidden patterns: in385

order to check that some subword w of x is in L (X), one needs to check that for each n,386

f(w, n) appears in some line of type i > |w|: for every pattern w we forbid all patterns387

that contain w but no pattern of f(w, n), since rows of type i appear every 2i+2 rows, for388

each w this constitutes a finite number of forbidden patterns for each n. Thus we may389

recursively enumerate the forbidden patterns for each w ∈ A?.390

J391

2.3 The Boone-Higman-Thompson theorem392

The Boone-Higman-Thompson theorem is a theorem that characterizes groups with a393

computable word problem. It turns out that the characterization is obtained with the notions394

of a simple group:395

I Theorem 24 (The Boone-Higman-Thompson theorem [6, 26]). A group G has a computable396

word problem iff it is a subgroup of a simple recursively presented group.397

Recall that a simple group is a group with no proper (nontrivial) quotient. By Dictionary 1,398

the equivalent should be a subshift with no proper (nontrivial) subshift, i.e. what is called in399

the literature a minimal subshift. This seems to be indeed, the good analogy, as argued for400

in [18], and we will prove:401

I Theorem 25. Let X be a 1 dimensional subshift over an alphabet Σ. Then X has a402

computable language iff there exists a two dimensional minimal effective subshift Y over an403

alphabet Γ ⊃ Σ such that X v Y .404

Recently, Durand and Romashchenko [11] have proved that given a d-dimensional minimal405

effectively closed subshift, it can be realized as a subaction of a (d+ 1)-dimensional minimal406

SFT:407

I Theorem 26 ([11]). Let X be a minimal effectively closed subshift. There exists a minimal408

SFT Y such that X is a subaction of Y : X is the projection by a letter to letter map of the409

lines of Y .410

This together with Theorem 25 gives us the subshift counterpart to the Boone-Higman-411

Thompson theorem:412
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I Corollary 27 (The Boone-Higman-Thompson theorem for subshifts). Let X be a 1 dimensional413

subshift over an alphabet Σ. Then X has a computable language iff there exists a three414

dimensional minimal subshift of finite type Y over an alphabet Γ ⊃ Σ s.t. X v Y .415

Both Theorem 25 and Corollary 27 translate to higher dimensions, the details of the416

proofs are left to the reader.417

Before proving the Theorem 25, one needs a good intuition on what a minimal subshift418

looks like. Minimal subshifts are defined as subshifts that do not contain any nontrivial419

subshifts, but an equivalent, more palatable definition, is that minimal subshifts are uniformly420

recurrent subshifts, that is subshifts X where, for every pattern u ∈ L (X), there exists a size421

n s.t. the pattern u occurs in every pattern of X of size n. In particular, all configurations x422

of X have the same patterns, and every pattern that appear should appears everywhere, i.e.423

in any sufficiently large part of x.424

We now proceed to the proof of the theorem. One direction is well known: A minimal425

effectively closed subshift has a computable language, see [4] for example. Therefore L (Y ) is426

computable and therefore L (Y ) ∩ Σ? is computable.427

The other direction essentially amounts to the following: Given a set of patterns L428

on an alphabet A, find a minimal subshift X that contains all patterns of L (and other429

patterns). Before reading the proof, the reader should try by itself as an exercise to find a two-430

dimensional minimal subshift X over an alphabet {a, b, c} that contains all one-dimensional431

words over the alphabet {a, b}.432

Our proof is quite similar to a construction by Elek and Monod [12] of a subshift with a433

non-amenable topological full group. Our construction is done however with more care to434

ensure that everything we are doing remains computable and that our subshift is already435

minimal, but the idea is essentially the same.436

Let us now start with a 1 dimensional subshift X over an alphabet Σ with a computable437

language.438

We define recursively a set (wi)i∈N of biinfinite rows. Each row will be periodic. We will439

denote by pi the period of the row and by vi the word that repeats, so that vi is of length pi440

and for all k ∈ Z, (wi)k = vk mod pi
.441

The row w0 is the row of period p1 = 1 corresponding to the word v0 = #. Suppose the442

row wn is given, of period pn.443

Let {u1, u2 . . . ukn+1} be the (computable) list of all words of length 2pn − 1 that appear444

in X. We define vn+1 to be the word consisting of all possible pairs of words of size 2pn − 1,445

separated by the # symbol446

#u1#u1#u1#u2#u1#u3 . . . ukn+1#ukn+1−1#ukn+1#ukn+1447

and wn+1 is the biinfinite word where vn+1 repeats periodically. Notice that vn+1 is of size448

pn+1 = 2k2
n+1pn so that pn+1 is strictly greater than pn and pn divides pn+1 .449

We repeat some properties of our set of rows:450

The row wn is periodic of period pn. Furthermore the symbol # appears in wn only in451

positions multiple of 2pn−1.452

pi divides pj if i < j.453

pn > n.454

I Lemma 28. Let u be a word of length k that appears in wn for n ≥ k in position i. Then455

u appears in position i+ tpk−1 in wk for some integer t.456
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Proof. The result is clear for n = k. Now suppose that n > k. There are two cases for u:457

either u = s1#s2 for two words s1, s2 ∈ Σ? or u = s for some word s ∈ Σ?.458

We start with the first case, u = s1#s2. The words s1 and s2 are words of size < k that459

are factors of some word of size 2p(n−1) − 1 that appears in X. Therefore there are also460

respectively suffix and prefix of some words t1, t2 that appear in X, each of size 2p(k−1) − 1.461

By definition t1#t2 appears in wk therefore u appears in wk. As every symbol # inside wk
462

appears at positions that are multiples of 2pk−1 and that it is also the case inside wn (as pk463

divides pn−1), the position where u appears in wk must be of the form i+ tpk−1 for some t.464

Now the second case. Suppose that u = s for some word s that appears in X of size k.465

u appears from position i to position i + k − 1 in wn. Let 0 ≤ j < pk−1 so that j = i − 1466

mod pk−1. u is a word of size k that appears in X and therefore can be completed as a word v467

of size 2pk−1−1 that appears in X by adding j letters at the beginning and 2pk−1−1−(j+k)468

letters at the end. This word v appears at position tpk−1 + 1 in wk for some t and therefore469

u appears in position tpk−1 + 1 + j = t′pk−1 + i in wk.470

J471

I Definition 29. If i is an integer, the level of i, denoted by lvl(i) is the greatest power of 2472

that divides i, i.e. i = k × 2lvl(i) with k odd. The level of 0 is +∞ by convention.473

The two following lemmas are clear.474

I Lemma 30. Let n > k, then lvl(i+ 2n) = lvl(i).475

I Lemma 31. Let i 6= j s.t. lvl(i) ≥ k and lvl(j) ≥ k. Then |i− j| ≥ 2k > k.476

We now define a configuration y in the following way: the i-th row of y is the row wj
477

where j is the level of i.478

For i = 0, we take any word w that is a limit point of {wj , j ∈ N}.479

Notice that y is likely not computable, as the row 0 might be arbitrarily complex. However480

all other rows are computable.481

To simplify notations, we will denote the rows of y in exponent, so that the symbol in482

the i-th row and j-th column of y is yi
j and the ith row of y is yi. By definition, we therefore483

have yi
j = w

lvl(i)
j for i 6= 0.484

I Lemma 32. Let u be a pattern defined over [1, k]× [1, k] that appears in y.485

Then u also appears inside y at position (i+ 1, j + 1) with i ∈ [0, 2k − 1] and therefore u486

appears inside the first 2k+1 − 1 rows of y (in the rows labeled 1 to 2k+1 − 1).487

Proof. Let u be a pattern defined on the square [1, k]× [1, k].488

Suppose that u appears inside y at position (i + 1, j + 1). That is: for all (l,m) ∈489

[1, k]2, um
l = yi+m

j+l .490

There are two cases. First, suppose that all of the integers i + 1, i + 2, . . . i + k are of491

level strictly less than k. Then for all l ∈ [i+ 1, i+ k] and all integers t, yl+2kt = yl. We can492

therefore suppose wlog that i ∈ [0, 2k−1] and the result is proven.493

Otherwise some of the integers i+ 1, . . . i+ k is of level at least k. By Lemma 31, this494

happens only for one of the integers, say the integer i+ r = z × 2n for n ≥ k.495

The word ur appears by definition in yi+r which is of level at least k. By Lemma 28, it496

also appears in wk at position j + 1 + tpk−1 and therefore in y2k at position j + 1 + tpk−1.497

(Lemma 28 also applies if i+ r = 0, as the row 0 of u is the limit of rows of arbitrary large498

level). In other words for all l ∈ [1, k], ur
l = y2k

j+tpk−1+l.499

We now claim that the word u appears in position [2k−r+1, j+1+tpk−1] inside y. That is,500

for all l,m ∈ [1, k]2, um
l = y2k−r+m

j+tpk−1+l. The result is clear for m = r. Now let m ∈ [1, k],m 6= r.501
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As i+m is of level strictly less than k, yi+m+t2k = yi+m for all t by Lemma 30. In particular502

as i+ r is dividible by 2k, we get that yi+m = yi+m+2k−(i+r) = y2k−r+m. Furthermore the503

row yi+m is periodic of period ps for some s < k and in particular it is periodic of period504

pk−1. Therefore505

um
l = yi+m

j+l = yi+m
k+l+tpk−1

= y2k−r+m
k+l+tpk−1

506

J507

I Corollary 33. Let u be a pattern of size k × k inside y. Then u appears in any window of508

size 2k+2 × 2pk.509

Proof. Indeed, by the previous lemma, u appears inside y in position (i, j) for some i ∈ [1, 2k]510

However the rows from 1 to 2k+1 − 1 are all periodic of period pk, and repeat vertically with511

period 2k+1 by Lemma 30. Therefore the pattern u itself repeats horizontally with period512

pk and repeats vertically with period 2k+1 and consequently appears in any window of size513

2k+2 × 2pk. J514

I Corollary 34. Let Y be the subshift that forbids all patterns of size k×k that do not appear515

in the square [1, 2k+2]× [1, 2pk] of y.516

Then Y is minimal, effectively closed, and L (X) = L (Y ) ∩ Σ?.517

Proof. The first conclusions are immediate from the previous corollary. The second one518

comes from the fact that y (apart from the row 0) is computable. The third one is by519

definition of y. J520

3 Discussion521

In this article, we have introduced the analogues of the three Higman theorems, originally522

for groups, in terms of subshifts. This reinforces the convictions of the authors that symbolic523

dynamics has a deep connection with objects from combinatorial algebra. To obtain these524

theorems, we had to introduce the following concepts:525

An equivalent of the notion of free product for groups (Definitions 12 and 13).526

An equivalent of the notion of subgroup containement (Definition 9).527

Compared to existing constructions, these two new ideas are rather combinatorial rather528

than dynamic. In particular, they cannot be defined easily in terms of the infinite words in529

the subshifts; they are defined in terms of the finite words that constitute the language of530

the subshift. This could be seen as a drawback of the construction, so we will give some531

arguments explaining why more “dynamical” constructions cannot work.532

The concept of the free product of subshifts is used for the relativized Higman theorem.533

This operation does not appear in the work of Aubrun and Sablik [1] (which was flawed as534

we saw) and is probably mandatory; Suppose that a minimal subshift X is defined from a535

subshift Y by various dynamical constructions (cartesian product, factor, subactions, etc) as536

in [1]. Let Y ′ be the smallest subshift of Y that contains all uniformly recurrent points of537

Y . Then it is easy to see that Y ′ also defines X using the same constructions. However Y ′538

may have very different computability properties than Y . In particular it is possible to have539

L (X)c ≤e L (Y )c but L (X)c 6≤e L (Y ′)c.540

In fact, when looking at our whole construction (and the construction of [1]), we see that541

it is important to start with a subshift X with the property that, for every finite collection542

of words u ∈ L (X), there exists a uniformly recurrent point of X that contains all of them.543

So we either have to assume that our subshift has this property (this is what Aubrun did544
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in her PhD thesis, by assuming some mixing properties), or use a free product: The free545

product of X with any (nonempty) subshift always has this property.546

The full restriction operator v, the analogue of subgroup containment, is mostly used547

in the equivalent of the Boone-Higman-Thompson theorem. In fact, it can be replaced in548

the other theorems by more traditional dynamical operators, like factor maps (the original549

Hochman theorem was indeed stated in terms of factor maps). It is not clear if we could550

obtain a analogue of Boone-Higman-Thompson theorem in terms of factor map. It is certainly551

true that factors of minimal subshifts of finite type have a computable language; However,552

they also have the additional property that the set of their uniformly recurrent points is553

dense, and therefore not all subshifts with computable language can be obtained this way.554
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