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THE REVERSE MATHEMATICS OF CAC FOR TREES

JULIEN CERVELLE, WILLIAM GAUDELIER, AND LUDOVIC PATEY

Abstract. CAC for trees is the statement asserting that any infinite subtree of N<N

has an infinite path or an infinite antichain. In this paper, we study the computa-

tional strength of this theorem from a reverse mathematical viewpoint. We prove

that CAC for trees is robust, that is, there exist several characterizations, some of

which already appear in the literature, namely, the statement SHER introduced by

Dorais et al. [8], and the statement TAC + BΣ0
2 where TAC is the tree antichain

theorem introduced by Conidis [6]. We show that CAC for trees is computationally

very weak, in that it admits probabilistic solutions.

§1. Introduction. In this paper we study the computability-theoretic
strength of the statement CAC for trees, which is a variation on the well-
studied chain-antichain theorem (CAC). It turns out CAC for trees has dif-
ferent characterizations, making it a robust notion, suitable for future stud-
ies in reverse mathematics.
We are going to use two frameworks: reverse mathematics and com-

putable reduction. For a good and more complete introduction to reverse
mathematics, see Simpson [18], or Hirschfeldt [12] which also covers the
computable reduction and classical results on Ramsey’s theorem.
Reverse mathematics is a foundational program which seeks to deter-

mine the optimal axioms to prove “ordinary” theorems. It itself uses the

This project started as the study of Ramsey-like theorems for 3-variable forbidden
patterns. The attempt to prove Corollary 6.13 naturally led to the study of the SHER

principle, already defined by Dorais and al. [8]. Thanks to multiple personal commu-
nications with François Dorais, we realized that the SHER principle is closely related
to trees, and more precisely, equivalent to the Chain-Antichain principle for trees, a
principle studied by Binns et al. in [3]. We later realized that SHER is also equivalent
to TAC+ BΣ0
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, where TAC is an antichain principle for completely branching c.e. trees,

defined by Conidis [6]. Some of the results are therefore independent rediscoveries of
some theorems from [3, 6], but in a more unified setting. The authors are thankful to
Chris Conidis, François Dorais and Alberto Marcone for interesting comments and dis-
cussions. The authors are also thankful to the anonymous referee for his careful reading
and his numerous improvement suggestions. The authors were partially supported by
grant ANR “ACTC” #ANR-19-CE48-0012-01.
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