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A major open problem

∆N
0 ⊆ E0

?

Equality or not ?



A major open problem in other terms

Q 1. Let us suppose that f (~u,0) = u0

f (~u, i + 1) = h(~u, i , f (i))

and  f (~u, y) ≤ Max{~u, y}

The graph of h is ∆0 − definable

Is the graph of f ∆0-definable ?



A major open problem in other terms

Q 2. Find (if any) a function h with a ∆0-definable graph such
that, for  f (~u,0) = u0

f (~u, i + 1) = h(~u, i , f (i))

with
f (~u, y) ≤ Max{~u, y}

the graph of f is not ∆0-definable.



A major open problem in other terms

Q 3. Find a significant class of functions h with a ∆0-definable
graph such that f defined by f (~u,0) = u0

f (~u, i + 1) = h(~u, i , f (i))

has a ∆0-definable graph.

This is the question considered her.
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Basic informations on ∆0−definability

• z = xy IS ∆0−definable

• The graph of the following function f
f (0) = 0
f (i + 1) = (f (i) + 1) mod 2 if i is prime
f (i + 1) = f (i) if i is not prime

IS NOT KNOWN TO BE ∆0−definable

• BUT the graph of f (lh2(x)) IS ∆0−definable

N.B. lh2(x) is the length of the binary representation of x.



Basic informations on ∆0−definability

The method of proof :



Basic informations on ∆0−definability

The method of proof :
f (0) = 0
f (i + 1) = (f (i) + 1) mod 2 if i is prime
f (i + 1) = f (i) if i is not prime

z = f (y) iff (z0, ..., zy ) ∈ {0,1}y+1exists such that ∃Z ≤ 2y+1
z0 = 0

∀i ≤ y − 1
{

zi+1 = (zi + 1) mod 2 if i is prime
zi+1 = zi if i is not

z = zy
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Basic informations on ∆0−definability

The method of proof :
f (0) = 0
f (i + 1) = (f (i) + 1) mod 2 if i is prime
f (i + 1) = f (i) if i is not prime

z = f (y) iff (z0, z1, ..., zy ) ∈ {0,1}y+1exists such that ∃Z ≤ 2y+1
Z0 = 0

∀i ≤ y − 1
{

Zi+1 = (Zi + 1) mod 2 if i is prime
Zi+1 = Zi if i is not

z = Zy
N. B. Zi is the i-th digit of the binary representation of Z .



Basic informations on ∆0−definability

The method of proof :
f (0) = 0
f (i + 1) = (f (i) + 1) mod 2 if i is prime
f (i + 1) = f (i) if i is not prime

z = f (y) iff ∃(z0, z1, ..., zy ) ∈ {0,1}y+1 ∃Z ≤ 2y+1
Z0 = 0

∀i ≤ y − 1
{

Zi+1 = (Zi + 1) mod 2 if i is prime
Zi+1 = Zi if i is not

z = Zy
N. B. If y is (bounded by) a logarithm of some variable,

the quantification is bounded by a polynomial (of this variable)



Basic informations on ∆0−definability and recursions

Short recursions, long recursions


f̄ (~u,0) = u0

f̄ (~u, i + 1) = h(~u, i , f̄ (~u, i))

long recursions short recursions

f̄ (~u, y) f (~u, x) = f̄ (~u, lh2(x))



Basic informations on ∆0−definability and recursions

transition function long rec short rec

z + 1 if R(~u, i), else z R is ∆0 ∆]
0 ∆0 [1]

az a is a variable ∆0 [2]

z + b(~u, i)
b(~u, i) ≤ polyn(~u)

Graph(b) is ∆0

∆]
0 [3] ∆0 [4]

a(~u, i)× z Graph(a) is ∆0 ∆0 [5]

(a× z) mod m a, m are variables ∆0 [6]



Basic informations on ∆0−definability and recursions

Sequences issued from Euclid’s algorithm

f (a,b,0) = a f (a,b,1) = b

f (a,b, i + 2) = f (a,b, i) mod f (a,b, i + 1)

It is essentially a short recursion and the graph of f is
∆0−definable [7]



Basic informations on ∆0−definability and recursions

Linear recurrence sequences

L(~x , i + k) =
k−1∑
j=0

aj × L(~x , i + j)

(k is a constant).

The graph of L is ∆0−definable [8]
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Main results and ideas of proofs

Result I

The short recursion with transition function

H(a, c,b,d , x , z, i) =

{
az + b if xi = 1
cz + d if xi = 0

defines a function with a ∆0- definable graph.

N. B. xi the i-th binary digit of x



Main results and ideas of proofs

Result I : some ideas of the proof

N. B. x̄ ∈ {0,1}? is the binary expansion of x

x̄ = 0α(x ,0)1β(x ,0)0α(x ,1) ... 1β(x ,lh2(x)−2)0α(x ,lh2(x)−1)1β(x ,lh2(x)−1)

L(x , i) =

j=i−1∑
j=0

α(x , j) + β(x , j)

L0(x , i) =

j=i−1∑
j=0

α(x , j) L1(x , i) =

j=i−1∑
j=0

β(x , j)



Main results and ideas of proofs

F̄ (a, c,b,d , x ,L(i)) =

aL1(x ,i)cL0(x ,i)F̄ (a, c,b,d , x ,0)

+
d

c − 1

 j=i∑
j=0

aL1(x ,i)−L1(x ,j)cL0(x ,i)−L0(x ,j+1)(cα(x ,j) − 1)


+

b
a− 1

 j=i∑
j=0

aL1(x ,i)−L1(x ,j)cL0(x ,i)−L0(x ,j)(aβ(x ,j) − 1)





Main results and ideas of proofs

And similar formulas for

L(x , i) ≤ y < L(x , i) + α(x , i + 1)

and
L(x , i) + α(i + 1) ≤ y < L(x , i + 1)



Main results and ideas of proofs

z = L(x , i) is equivalent to

(x̄)z = 1 ∧ (x̄)z−1 = 0 ∧ i = card{j < i ; (x̄)i = 1 ∧ (x̄)i+1 = 0}

with i ≤ lh2(x)

α(x , i) + β(x , i) = L(x , i + 1)− L(x , i)

z = β(x , i) is equivalent to without paying attention to borders !

∃u ((u = L(x , i + 1) + 1) ∧ z = card{j < u; (x̄)i = 1 ∧ (x̄)i−1 = 1})



Main results and ideas of proofs

F̄ (a, c,b,d , x ,L(i)) =

aL1(x ,i)cL0(x ,i)F̄ (a, c,b,d , x ,0)

+
d

c − 1

 j=i∑
j=0

aL1(x ,i)−L1(x ,j)cL0(x ,i)−L0(x ,j+1)(cα(x ,j) − 1)


+

b
a− 1

 j=i∑
j=0

aL1(x ,i)−L1(x ,j)cL0(x ,i)−L0(x ,j)(aβ(x ,j) − 1)





Main results and ideas of proofs

The main step for studying the case where a,b, c,d are va-
riables :

Lemma. the following relation is ∆0−definableZ =

j=i−1∑
j=0

γ(x , j)

 ∧ (i ≤ lh2(y))

where
? ∀j ≤ i (γ(x , j) ≤ b(x , y))
? log2(b(x , y)) is a polylog. of the variables
? the graph of γ and b are ∆0−definable



Main results and ideas of proofs

Z =

j=i−1∑
j=0

γ(x , j)

 ∧ (i ≤ lh2(y))

is equivalent to :

(i ≤ lh2(y)) ∧ Z ≤ b(x , y)× lh2(y) and

∀p ≤ 2 log2 (b(x , y)× lh2(y)) ,p primeZ ≡
j=i−1∑

j=0

γ(x , j)

 mod p



Main results and ideas of proofs

now

j=i−1∑
j=0

γ(x , j)

 mod p

is equal to

k=p−1∑
k=0

k × Card{j ≤ i − 1; γ(x , j) ≡ k mod p}

 mod p



Main results and ideas of proofs



Main results and ideas of proofs

Result II

The short recursion with transition function

ha1,a2(m1,m2, z) = (a2 (a1z mod m1) mod m2)

defines a function with a ∆0- definable graph.



Main results and ideas of proofs

Result II : some ideas of the proof

N. B. u is the initial value of the recursion

z = f̄a1,a2(m1,m2,u, y) and 0 ≤ u ≤ m2 − 1

is equivalent to

z ∈ {0,1, ...,m2 − 1}y+1 exists such that

(0 ≤ z ≤ m2 − 1) ∧ (0 ≤ u ≤ m2 − 1) ∧ (z0 = u) ∧ (zy = z)∧

∀i ≤ y − 1 zj+1 = ha1,a2(m1,m2, zj)



Main results and ideas of proofs

z ′ = ha1,a2(m1,m2, z) and 0 ≤ z ≤ m2 − 1

is equivalent to

0 ≤ z ≤ m2− 1 and k1 ≤ m2− 1 and k2 ≤ a2− 1 exist such that
0 ≤ z ′ ≤ m2 − 1

z ′ + k2m2 ≤ a2(m1 − 1)

a1a2z − z ′ = a2k1m1 + k2m2



Main results and ideas of proofs

z = f̄a1,a2(m1,m2,u, y) and 0 ≤ x ≤ m2 − 1

is equivalent to



Main results and ideas of proofs

Exist k1 ∈ {0,1, ...,m2 − 1}y and k2 ∈ {0,1, ...,a2 − 1}y and
z ∈ {0,1, ...,m2 − 1}y+1 such that

(0 ≤ z ≤ m2 − 1) ∧ (0 ≤ u ≤ m2 − 1) ∧ (z0 = u) ∧ (zy = z)∧

∀i ≤ y zi + Sk2 (i − 2)m2 + a2Sk1 (i − 1)m1 ≤ (a1a2)i (m1 − 1)

zi + Sk2 (i − 1)m2 + a2Sk1 (i − 1)m1 = (a1a2)ix

where Sk(i) =

j=i∑
j=0

ki−j(a1a2)j



Main results and ideas of proofs

Exist k1 ∈ {0,1, ...,m2 − 1}y and ∃K2 ≤ xγ and
z ∈ {0,1, ...,m2 − 1}y+1 such that

(0 ≤ z ≤ m2 − 1) ∧ (0 ≤ u ≤ m2 − 1) ∧ (z0 = u) ∧ (zy = z)∧

∀i ≤ y zi + Sk2 (i − 2)m2 + a2Sk1 (i − 1)m1 ≤ (a1a2)i (m1 − 1)

zi + Sk2 (i − 1)m2 + a2Sk1 (i − 1)m1 = (a1a2)ix

N.B. if y is some logarithm of the variable x, γ is a constant



Main results and ideas of proofs

An easy and essential remark :

If m2 ≥ 1 + a2(m1 − 1) then

ha1,a2(m1,m2, z) = a2 (a1z mod m1)

∆0-definability comes from Hesse theorem ([6] in the previous
table), even for

h(a1,a2,m, z) = a1 (a2z mod m)

N.B. we suppose now m2 ≤ a2(m1 − 1)



Main results and ideas of proofs

Exist k1 ∈ {0,1, ...,m2 − 1}y and ∃K2 ≤ xγ0 and
z ∈ {0,1, ...,m2 − 1}y+1 such that

(0 ≤ z ≤ m2 − 1) ∧ (0 ≤ u ≤ m2 − 1) ∧ (z0 = u) ∧ (zy = z)∧

∀i ≤ y zi + Sk2 (i − 2)m2 + a2Sk1 (i − 1)m1 ≤ (a1a2)i (m1 − 1)

zi + Sk2 (i − 1)m2 + a2Sk1 (i − 1)m1 = (a1a2)ix



Main results and ideas of proofs

Exist k1 ∈ {0,1, ...,m2 − 1}y and ∃K2 ≤ xγ0 and
z ∈ {0,1, ...,m2 − 1}y+1 such that

(0 ≤ z ≤ m2 − 1) ∧ (0 ≤ u ≤ m2 − 1) ∧ (z0 = x) ∧ (zy = z)∧

∀i ≤ y zi + Sk2 (i − 2)m2 + a2Sk1 (i − 1)m1 ≤ (a1a2)i (m1 − 1)

zi + a2Sk1 (i − 1)m1 = (a1a2)ix − Sk2 (i − 1)m2

N.B. where Sk(i) =

j=i∑
j=0

k2 i−j (a1a2)j

N.B. as zi ≤ m2 − 1 ≤ a2(m1 − 1)− 1
zi is a remainder and Sk1 (i − 1) a quotient



Main results and ideas of proofs

∃K2 ≤ xγ0

(0 ≤ z ≤ m2 − 1) ∧ (0 ≤ x ≤ m2 − 1)

∀i ≤ y ∃ζ ≤ m2 − 1∃χ ≤ (m2 − 1) (a1a2)
i+1−1

a1a2−1 ζ + χm2 + a2Sk2 (i − 1)m1 ≤ (a1a2)i (m1 − 1)

ζ + χm2 + a2Sk2 (i − 1)m1 = (a1a2)ix

where Sk2(i) =

j=i∑
j=0

k2i−j(a1a2)j =

⌊
K2

(a1a2)i+1

⌋
and ζ =

(
(a1a2)ix −m2Sk2 (i − 1)

)
mod (a2m1)

and χ =

⌊
(a1a2)

i x−m2Sk2 (i−1)
a2m1

⌋



Some generalizations and conclusion



Some generalizations and conclusion

Consequence 1 :

The short recursion for transition function

hR,(a,c),(b,d)(~u, z, i) =

{
az + b if R(~u, i , z)
cz + d if ¬R(~u, i , z)

defines a function with a ∆0-definable graph.



Some generalizations and conclusion

Consequence 1 : some ideas of the proof

The idea is that if we define a relation R′ as

R′(~u, i) iff R(~u, i , F̄R,(a,c),(b,d)(~u, i))

then for all 0 ≤ i ≤ y , we have

F̄R,(a,c),(b,d)(~u, i) = f̄Id ,R′,(a,c),(b,d)(~u, i)



Some generalizations and conclusion

z = F̄R,i,(a,c),(b,d)(~u, lh2(x)) is equivalent to

∃m ∈ {0,1}lh2(x) (∀i)i≤lh2(x)
[
R′(~u, i , f̄Id ,Rm,(a,c),(b,d)(~u, i))↔ mi = 1

]
∧
[
z = f̄Rm,(a,c),(b,d)(~u, lh2(x))

]

where Rm(i) is define by mi = 1.



Some generalizations and conclusion

Variant :

The long recursion for transition function

hR(a, c,b,d , ~u, z, i) =

{
az + b if R(~u, i , z)
cz + d if ¬R(~u, i , z)

defines a function with a ∆]
0-definable graph.



Some generalizations and conclusion

Consequence :

The short recursion for transition function

hR,(a,c),(b,d)(~u, i , z) =


a(~u)z + b(~u) if R(~u, i , z)

c((~u)z + d((~u) if ¬R(~u, i , z)

defines a function with a ∆0-definable graph.



Some generalizations and conclusion

Generalization (work in progress)

The short recursion for transition function
h(R1,R2,...,Rk ),(a1,c1),(a2,c2),...,(ak ,ck )(~u, i , z) =

a1(~u)z + b1(~u) if R1(~u, i , z)
....
ak (~u)z + bk (~u) if Rk (~u, i , z)

defines a function with a ∆0-definable graph.



Some generalizations and conclusion

Generalization of the second result.

The short recursion for transition function

ha1,b1,a2,b2(m1,m2, z) = (a2 ((a1x + b1) mod m1) + b2) mod m2

defines a function with a ∆0-definable graph.



Some generalizations and conclusion

Conclusion

A question is now to give a natural characterization of a class of
functions h with a ∆0-definable graph such that f defined by f (~u,0) = u0

f (~u, i + 1) = h(~u, i , f (i))

has a ∆0-definable graph.
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