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10. Entscheidung der L�osbarkeit einer diophantischen Gleichung.
Eine diophantische Gleichung mit irgendwelchen Unbekannten und mit
ganzen rationalen Zahlkoe�cienten sei vorgelegt: man soll ein Verfahren

angeben, nach welchen sich mittels einer endlichen Anzahl von Operationen

entscheiden l�asst, ob die Gleichung in ganzen rationalen Zahlen l�osbar ist.

10. De la possibilit�e de r�esoudre une �equation diophantienne. On
donne une �equation de Diophante �a un nombre quelconque d'inconnues et
�a coe�cients entiers rationnels: on demande de trouver une m�ethode par

laquelle, au moyen d'un nombre �ni d'op�erations, on pourra distinguer si

l'�equation est r�esoluble en nombres entiers rationnels.

10. Determination of the solvability of a Diophantine equation.
Given a diophantine equation with any number of unknown quantities and
with rational integral numerical coe�cients: To devise a process according

to which it can be determined by a �nite number of operations whether the

equation is solvable in rational integers.
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Feb. 19, 2019
From Christos Grammatikas <grammatikas.christos@gmail.com>

Dear Professor Ìàòèÿñåâè÷,

We are in the process of translating into Greek your masterpiece

Äåñÿòàÿ Ïðîáëåìà Ãèëüáåðòà

and we are wondering if you might be kind enough to contribute some sort
of presentation for the Greek edition. This could take any form that you
judge appropriate, from a short introduction to a more substantial
comment, either in Russian or in English.

With our best regards,

Christos Grammatikas
EURYALOS editions



Feb. 20, 2019
From Yuri Matiyasevich <yumat@pdmi.ras.ru>

Dear Professor Grammatikas,
.
.
.
Are you doing the translation

A) from the Russian original?

B) from the English translation?

C) from the French translation?



Feb. 22, 2019
Christos Grammatikas <grammatikas.christos@gmail.com>

Dear Professor Matiyasevich,

First of all, I will answer your questions. For the translation we use all of A,
B, C.

The main translator is a high school professor, Demosthenes
Stalides(∆ηµoσθενης Σταλιδης), using the English version.

As I have a working knowledge of the Russian language (I studied it for two
and a half years) and can also rely on the help of collaborators who are not
mathematicians but �uent in Russian, my role consists on eventual
adjustments in order to bring the text closer to the style of the Russian
original.

Living in Paris for over �fty years now, I consult also frequently the French
translation.
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Hilbert's tenth problem: The theory Th∃(N,+,×) is undecidable.

∃x1, ..., xn
[
P(x1, ..., xn) = 0

]

Julia Robinson [1969]: The theory Th∃(N,+,×,P) is undecidable (where

P is the set of all prime numbers).

Open Question: Is the theory Th(N,+,P) undecidable ?

P.T. Bateman, C. G. Jockusch, and A. R.Woods [1993, under some
number-theoretical hypothesis.] The theory Th(N,+,P) is undecidable.

Open Question: Is the theory Th∃(N,+,P) decidable ?

A. Woods [2000, under some number-theoretical hypothesis.] The theory

Th∃(N,+,P) is decidable.

P. Cegielski, D. Richard, and M.Vsemirnov [2007] The theory

Th∃
(
N,+, n 7−→ pn, n 7−→ pn mod (n)

)
is undecidable.
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Main technical tool used for proving the undecidability of

Hilbert's tenth problem

DPRM-Theorem. Every e�ectively listable set of natural numbers M can

be represented in the following way:

a ∈ M ⇐⇒ ∃x1 . . . xn[P(x1, . . . , xn) = a]

where P(x1, . . . , xn) is a polynomial with integer coe�cients.

DPRM � after Martin Davis, Hilary Putnam, Julia Robinson, and Yuri M.

Corollary. There exists a polynomial P(x1, . . . , xn) such that the set of its

positive values is exactly the set of prime numbers:

a is prime ⇐⇒ ∃x1 . . . xn[P(x1, . . . , xn) = a].



Theorem (J. P. Jones, D. Sato, H.Wada, D.Wiens, [1976]) The set of all
prime numbers is exactly the set of all positive values assumed (for non-negative
integer values of the 26 variables) by the polynomial

(k + 2) { 1 −[wz + h + j − q]2

− [(gk + 2g + k + 1)(h + j) + h − z]2

− [2n + p + q + z − e]2

−
[
16(k + 1)3(k + 2)(n + 1)2 + 1− f 2

]2
−

[
e3(e + 2)(a+ 1)2 + 1− o2

]2
−

[
(a2 − 1)y2 + 1− x2

]2
−

[
16r2y4(a2 − 1) + 1− u2

]2
− [n + l + v − y ]2

−
[(
(a+ u2(u2 − a))2 − 1

)
(n + 4dy)2 + 1− (x + cu)2

]2
−

[
(a2 − 1)l2 + 1−m2

]2
−

[
q + y(a− p − 1) + s(2ap + 2a− p2 − 2p − 2)− x

]2
−

[
z + pl(a− p) + t(2ap − p2 − 1)− pm

]2
− [ai + k + 1− l − i ]2

−
[
p + l(a− n − 1) + b(2an + 2a− n2 − 2n − 2)−m

]2 } .



Computer veri�cation of DPRM-theorem
Karol Pak
The Matiyasevich Theorem; Diophantine sets

Formalized Mathematics, 25(4):315�322, 2017; 26(1):81�90, 2018.

Benedikt Stock, Abhik Pal, Maria Antonia Oprea, Yufei Liu, Malte Sophian
Hassler, Simon Dubischar, Prabhat Devkota, Yiping Deng, Marco David,
Bogdan Ciurezu, Jonas Bayer and Deepak Aryal
Hilbert Meets Isabelle: Formalisation of the DPRM Theorem in Isabelle

EasyChair Preprint no. 152, May 22, 2018

Mario Carneiro
A Lean formalization of Matiyasevi�c's Theorem,
https://arxiv.org/abs/1802.01795v1, 2018

Dominique Larchey-Wendling and Yannick Forster
Hilbert's Tenth Problem in Coq

4th International Conference on Formal Structures for Computation and
Deduction (FSCD 2019)
Leibniz International Proceedings in Informatics, No.27, 2019

https://arxiv.org/abs/1802.01795v1


Who needs di�cult problems?

Cryptography



Introduction

In this paper we study so-called Diophantine cryptology, a collection of
cryptographic schemes where the computational security assumptions are based
on hardness of solving some Diophantine equations ...

Due to Matiyasevich we know that the classical Diophantine problem (over
integers Z) is undecidable ...

There are some obvious advantages of using Diophantine equations in
cryptography. First of all, the language of Diophantine equations is quite
universal ... the real measure of universality in this case comes from a beautiful
MRDP theorem, the result (due collectively to Matiyasevich, Robinson, Davis and
Putnam) [15, 17], which states that every computably enumerable set is
Diophantine.



Ustimenko, V.
On the cryptographical properties of extremal algebraic graphs
pp. 256-281



V. Ustimenko
On the cryptographical properties of extremal algebraic graphs

Summary: We consider some properties of stream ciphers related to
arithmetical dynamical systems over a commutative ring K .
...
The straightforward generalization of such encryption can be used in a
public key mode. We introduce much more general algorithms in terms of
automata related to directed algebraic graphs with high girth indicator.
...
The family of in�nite algebraic directed graphs with the large girth
indicator can be de�ned over in�nite commutative ring K . Some
theoretical examples of encryption algorithms related to such families are
considered in the case of K = Z and Gaussian complex numbers. They use
prime generating polynomials (Matijasevic's polynomials) and can be
implemented on classical Turing machine or probabilistic machine
(quantum computer, in particular).



Hilbert's 10th Problem

10. Determination of the Solvability of a Diophantine Equation.
Given a Diophantine equation with any number of unknown quantities and
with rational integral numerical coe�cients: To devise a process according

to which it can be determined by a �nite number of operations whether the

equation is solvable in rational integers.

DPRM-theorem + Church's Thesis

Corollary. Hilbert's tenth problem is undecidable



Beyond Church's Thesis?



From Abstract: Tien D. Kieu ... had claimed to have a scheme showing
how, in principle, physical �quantum adiabatic systems� could be used to
solve the prototypical computationally undecidable problem, Turing's
�halting problem�...

There were several errors in those papers, most which ultimately could
be corrected. More seriously, we here exhibit counterexamples to a crucial
step in Kieu's argument... These counterexamples destroy Kieu's entire
plan and there seems no way to correct the plan to escape them.

Nevertheless, there are some important consequences salvageable from
Kieu's idea ...











An undecidable problem of Harvey M. Friedman

Let P be the class of all polynomials with integer coe�cients (in an
arbitrary number of variables of arbitrary high degrees).

If P ∈ P and V is a set of numbers, then P(V ) will denote the set of all
values assumed by polynomial P when its variables take (independently) all
values from V .

F =
{
n∈Z+ : ∃P∈P

(
n = max(P(Z)) &P([−3, 3]) ⊆ (− ln(n)

1

3 , ln(n)
1

3 )
)}

Here [−3, 3] is the set of all real numbers between −3 and 3.

Theorem (H.M. Friedman 2004). The set F is undecidable.

G =
{
n∈Z+ : ∃P∈P

(
n = max(P(Z)) &P([−3

2
, 3
2

]) ⊆ (− ln(n)
1

3 , ln(n)
1

3 )
)}

Theorem (H.M. Friedman 2004). The set G is decidable.


