STRONG TREE PROPERTIES FOR TWO SUCCESSIVE
CARDINALS

LAURA FONTANELLA

ABSTRACT. An inaccessible cardinal  is supercompact when (&, A)-ITP holds for all
A > k. We prove that if there is a model of ZFC with two supercompact cardinals,
then there is a model of ZFC where simultaneously (Na,u)-ITP and (N3, u/)-ITP
hold, for all > Ny and p’ > Ns.

1. INTRODUCTION

One of the most intriguing research axes in contemporary set theory is the investiga-
tion into those properties which are typically associated with large cardinals, though
they can be satisfied by small cardinals as well. The tree property is a principle of
that sort. Given a regular cardinal x, we say that x satisfies the tree property when
every k-tree has a cofinal branch. The result presented in the present paper concerns
the so-called strong tree property and super tree property, which are two combinatorial
principles that generalize the usual tree property. The definition of those properties
will be presented in §3, for now let us just discuss some general facts about their
connection with large cardinals. We know that an inaccessible cardinal is weakly
compact if, and only if, it satisfies the tree property. The strong and the super tree
properties provide a similar characterization for strongly compact and supercompact
cardinals, indeed an inaccessible cardinal is strongly compact if, and only if, it satisfies
the strong tree property, while it is supercompact if, and only if, it satisfies the super
tree property (the former result follows from a theorem by Jech [3], the latter is due to
Magidor [7]). In other words, when a cardinal satisfies one of the previous properties,
it “behaves like a large cardinal”.

While the previous characterizations date back to the early 1970s, a systematic
study of the strong and the super tree properties has only recently been undertaken
by Weiss (see [11] and [12]). He proved in [12] that for every n > 2, one can define a
model of the super tree property for N,,, starting from a model with a supercompact
cardinal. By working on the super tree property at Ry, Viale and Weiss (see [10] and
[9]) obtained new results about the consistency strength of the Proper Forcing Axiom.
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They proved that if one forces a model of PFA using a forcing that collapse  to ws and
satisfies the k-covering and the k-approximation properties, then x has to be strongly
compact; if the forcing is also proper, then k is supercompact. Since every known
forcing producing a model of PFA by collapsing k to wsy satisfies those conditions, we
can say that the consistency strength of PFA is, reasonably, a supercompact cardinal.

It is natural to ask whether two small cardinals can simultaneously have the strong
or the super tree properties. Abraham defined in [1] a forcing construction producing
a model of the tree property for Ny and N3, starting from a model of ZFC + GCH
with a supercompact cardinal and a weakly compact cardinal above it. Cummings
and Foreman [2] proved that if there is a model of set theory with infinitely many
supercompact cardinals, then one can obtain a model in which every N,, with n > 2
satisfies the tree property. In the present paper, we construct a model of set theory in
which RN, and N3 simultaneously satisfy the super tree property, starting from a model
of ZFC with two supercompact cardinals x < X\. We will collapse x to Ny and A to
N3, in such a way that they will still satisfy the super tree property. The definition of
the forcing construction required for that theorem is motivated by Abraham [1] and
Cummings-Foreman [2]. We also conjecture that in the model defined by Cummings
and Foreman, every X, (with n > 2) satisfies the super tree property.

The paper is organized as follows. In §3 we introduce the strong and the super tree
properties. §4 is devoted to the proof of two preservation theorems. In §5, §6 and
§7 we define the forcing notion required for the final theorem and we discuss some
properties of that forcing. Finally, the proof of the main theorem is developed in §8.

2. PRELIMINARIES AND NOTATION

Given a forcing P and conditions p,q € P, we use p < ¢ in the sense that p is
stronger than ¢; we write p||¢ when p and ¢ are two compatible conditions (i.e. there
is a condition r € P such that » < p and r < ¢q). A poset P is separative if whenever
q £ p, then some extension of ¢ in P is incompatible with p. Every partial order can
be turned into a separative poset. Indeed, one can define p < ¢ iff all extensions of p
are compatible with ¢, then the resulting equivalence relation, given by p ~ ¢ iff p < ¢
and g < p, provides a separative poset; we denote by [p| the equivalence class of p.

A forcing P is k-closed if, and only if, every descending sequence of conditions of P
of size less than x has a lower bound; P is k-directed closed if, and only if, for every
set of less than k pairwise compatible conditions of P has a lower bound. We say that
P is < k-distributive if, and only if, no sequence of ordinals of length less than « is
added by P. P is k-c.c. when every antichain of P has size less than k; P is k-Knaster
if, and only if, for all sequence of conditions (p,; a < k), there is X C k cofinal such
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that the conditions of the sequence (p,; « € X) are pairwise compatible.

Given two forcings P and Q, we will write P = Q when P and Q are equivalent,
namely:

(1) for every filter Gp C P which is generic over V, there exists a filter Gg C Q
which is generic over V' and V[Gp] = V[Ggl;

(2) for every filter Gg C Q which is generic over V, there exists a filter Gp C P
which is generic over V' and V[Gp] = V[Gg].

If P is any forcing and Q is a P-name for a forcing, then we denote by P % Q the

poset {(p,q); p € P,q € VF and p IF ¢ € Q}, where for every (p,q), (p',¢) € P * Q,
(p.q) < (p',¢) if, and only if, p < p’ and pIF ¢ < ¢

If P and Q are two posets, a projection 7 : Q — P is a function such that:

(1) for all ¢,¢' € Q, if ¢ < ¢, then 7(q) < 7(¢');

(2) m(lg) = 1w;

(3) for all g € Q, if p < 7(q), then there is ¢’ < ¢ such that 7(¢") < p.
We say that P is a projection of Q when there is a projection 7 : Q — P.
If 7: Q — P is a projection and Gp C P is a generic filter over V, define

Q/Gp :={q € Q; 7(q) € Gr},
Q/Gp is ordered as a subposet of Q. The following hold:

(1) If Gg € Q is a generic filter over V and H := {p € P; 3¢ € Gg(n(q) < p)},
then H is P-generic over V;

(2) if Gp C P is a generic filter over V, and if G C Q/Gp is a generic filter over
V[Gg|, then G is Q-generic over V, and 7[G] generates Gp;

(3) if Gg C Q is a generic filter over V, and H := {p € P; 3¢ € Go(n(q) < p)},
then Gq is Q/Gp-generic over V[H]. That is, we can factor forcing with Q as
forcing with P followed by forcing with Q/Gp over V[Gp].

Some of our projections 7 : Q — P will also have the following property: for all

p < m(q), there is ¢ < ¢ such that

(1) 7(¢") = p,

(2) for every ¢* < ¢, if 7(¢") < p, then ¢* < ¢
We denote by ext(q,p) any condition like ¢’ above (if a condition ¢” satisfies the
previous properties, then ¢ < ¢” < ¢'). In this case, if Gp C P is a generic filter
over V, we can define an ordering on Q/Gp as follows: p <* ¢ if, and only if, there is
r < m(p) such that r € Gp and ext(p,r) < q. Then, forcing over V[Gp] with Q/Gp
ordered as a subposet of Q, is equivalent to forcing over V[Gp] with (Q/Gp, <*).

Let x be a regular cardinal and A an ordinal, we denote by Add(x, \) the poset of
all partial functions f : A — 2 of size less than , ordered by reverse inclusion. We
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use Add(k) to denote Add(k, k).

If V C W are two models of set theory with the same ordinals and 7 is a cardinal
in W, we say that (V, W) has the n-covering property if, and only if, every set X C V
in W of cardinality less than n in W, is contained in a set Y € V of cardinality less
than n in V.

Assume that P is a forcing notion, we will use (P) to denote the canonical P-name
for a P-generic filter over V.

Lemma 2.1. (Easton’s Lemma) Let k be reqular. If P has the k-chain condition and
Q is k-closed, then

(1) kg P has the k-chain condition;

(2) IFp Q is a < k-distributive;

(3) If G is P-generic over V and H is Q-generic over V, then G and H are mutually
generic;

(4) If G is P-generic over V and H is Q-generic over V, then (V,V|G|[H]) has
the k-covering property;

(5) If R is k-closed, then lFpyg R is < k-distributive.

For a proof of that lemma see [2, Lemma 2.11].

Let n be a regular cardinal, § > n be large enough and M < Hy of size . We say
that M is internally approachable of length n if it can be written as the union of an
increasing continuous chain (M : & < 1) of elementary submodels of H(#) of size less
than 7, such that (M¢ : £ <n') € M,y11, for every ordinal " <.

Lemma 2.2. (A-system Lemma) Assume that X is a reqular cardinal and K < X is
such that <" < X\, for every a < \. Let F be a family of sets of cardinality less than
k such that || = \. There exists a family F' C F of size A and a set R such that
X NY =R, for any two distinct X,Y € F'.

For a proof of that lemma see [5].

Lemma 2.3. (Pressing Down Lemma) If f is a regressive function on a stationary set
S C [A]<" (i.e. f(x) € x, for every non empty x € S), then there exists a stationary
set T C S such that f is constant on T.

For a proof of that lemma see [5].

We will assume familiarity with the theory of large cardinals and elementary em-
beddings, as developed for example in [4].
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Lemma 2.4. (Laver) [6] If k is a supercompact cardinal, then there exists L : k — V,
such that: for all X, for all x € Hy+, there is j : V. — M such that j(k) > X, "M C M
and j(L)(k) = .

Lemma 2.5. (Silver) Let j : M — N be an elementary embedding between inner
models of ZFC. Let P € M be a forcing and suppose that G is P-generic over M, H is
j(P)-generic over N, and j|G] C H. Then, there is a unique j* : M[G] — N[H] such
that 7* | M = j and 7*(G) = H.

Proof. If §|G] C H, then the map j*(2%) = j(&) is well defined and satisfies the
required properties. [

3. THE STRONG AND THE SUPER TREE PROPERTIES
We start by recalling the definition of the tree property, for a regular cardinal .

Definition 3.1. Let k be a reqular cardinal,

(1) a k-tree is a tree of height k with levels of size less than k;
(2) we say that k has the tree property if, and only if, every r-tree has a cofinal
branch (i.e. a branch of size k).

In order to define the strong tree property and the super tree property for a regular
cardinal kK > Ny, we need to define the notion of (k, A)-tree, for an ordinal A > k.

Definition 3.2. Given k > ws a regular cardinal and A\ > K, a (k,\)-tree is a set F'
satisfying the following properties:
(1) for every f € F, f: X — 2, for some X € [A\]<F
(2) for all f € F, if X Cdom(f), then f | X € F;
(3) the set Levx(F) :={f € F; dom(f) = X} is non empty, for all X € [\]<";
(4) |Levx(F)| < &, for all X € [A]<".

When there is no ambiguity, we will simply write Levy instead of Levy(F'). The
main difference between k-trees and (k, A)-trees is the following: in the former, levels
are indexed by ordinals, while in the latter, levels are indexed by sets of ordinals,
which are not totally ordered.

Definition 3.3. Given k > wq a regular cardinal, X\ > k, and F a (k, \)-tree,

(1) a cofinal branch for F' is a function b: X — 2 such that b | X € Levx(F), for
all X € [N]<F;

(2) an F-level sequence is a function D : [\]<" — F such that for every X € [A\]<",
D(X) € Levx(F);

(3) given an F-level sequence D, an ineffable branch for D is a cofinal branch
b: X\ — 2 such that {X € [\|=%; b | X = D(X)} is stationary.

Definition 3.4. Given k > wy a reqular cardinal and \ > Kk,
(1) (k,\)-TP holds if every (k, \)-tree has a cofinal branch;
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(2) (k, \)-ITP holds if for every (k,\)-tree F' and for every F'-level sequence D,
there is an an ineffable branch for D;

(3) we say that Kk satisfies the strong tree property if (k, u)-TP holds, for all i > k;

(4) we say that K satisfies the super tree property if (k, 1)-ITP holds, for all i > k;

4. THE PRESERVATION THEOREMS

It will be important in what follows that certain forcings cannot add ineffable
branches. The following proposition is due to Silver (see [5, chap. VIII, Lemma
3.4] or [11, Proposition 2.1.12]), we include the proof for completeness.

Theorem 4.1. (First Preservation Theorem) Let 0 be a regqular cardinal and p > 6
be any ordinal. Assume that F is a (0, u)-tree and Q is an n*-closed forcing with
n < 6 < 27 For every filter Gog C Q generic over V, every cofinal branch for F' in
VI[Gg] is already in V.

Proof. We can assume, without loss of generality, that n is minimal such that 27 > 6.
Assume towards a contradiction that Q adds a cofinal branch to F, let b be a Q-name
for such a function. For all @ < 7 and all s € 2, we are going to define by induction
three objects a, € [u]<?, fs € Lev,, and p, € Q such that:

()psn_b[ = fs;

( ) fSAO( ) fsml(ﬂ) fOI' some ﬁ < M3
(3) if s C ¢, then p; < py;
)

(4 1fa<ﬁ then a, C ag.

Let a < n, assume that a,, fs and p, have been defined for all s € *2. We define
Qas1, [s, and pg, for all s € “12. Let t be in “2, we can find an ordinal 8, € u
and two conditions p;~g, pr~1 < p¢ such that pyo IF b(ﬁt) =0 and py IF 6(@) = 1.
(otherwise, b would be a name for a cofinal branch which is already in V). Let
Uoy1 = ao U {By; t € 2}, then |aq,1| < 6, because 2¢ < 6. We just defined, for
every s € “H12. a condition p,. Now, by strengthening p, if necessary, we can find
fs € Lev,,,, such that

Ps IE b1 Gagr = fs.
Finally, fi0(8:) # fi~1(Be), for all t € *2 : because pio IF fio(5:) = b(5:) = 0, while
P~ I foa(Be) = (Bt) =1.

If o is a limit ordinal < 7, let ¢ be any function in *2. Since Q is n™-closed, there is

a condition p; such that p; < pyg, for all 5§ < a. Define a, := |J as. By strengthening
B<a

py if necessary, we can find f; € Lev,_ such that p; IF b | ay = f;. That completes the
construction.

We show that |Lev,, | > "2 > 6, thus a contradiction is obtained. Let s # ¢ be two
functions in "2, we are going to prove that fs # f;. Let o be the minimum ordinal less
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than 7 such that s(«) # t(«), without loss of generality r ~0 C s and r ~ 1 ¢, for
some r € “2. By construction,

DPs S Pr~o I+ b raa—&-l - frf\() and yg; S Pr~1 I+ b f Qa4+1 = fo\lv

where f,0(8) # fr~1(8), for some . Moreover, p; IF b [ a, = fs and p; IF b [ a, = fi,

hence fs f aonrl(ﬂ) = frr@(ﬁ) 7& frml(ﬁ) = ft f anrl(B)? thus fs 7é ft' That completes
the proof. 0

The following proposition is rather ad hoc. It will be used several times in the final
theorem.

Theorem 4.2. (Second Preservation Theorem) Let V. C W be two models of set
theory with the same ordinals and let P € V' be a forcing notion and k a cardinal in
V' such that:
(1) P C Add(R,,, 7)Y, for some T > N,,,
and for every p € P, if X C dom(p), then p | X € P;
(2) XV =RXW for cverym <n, and W |= k = N, q;
(3) for every set X CV in W of size < X, 11 in W, there is Y € V of size < k in
V., such that X CY;
(4) in V, we have v < k, for every cardinal y < k.
Let F € W be a (N,q1, 1)-tree with p > R,,4q, then for every filter Gp C P generic
over W, every cofinal branch for F in W|[Gp] is already in W.

Proof. Work in W. Let b € WF and let p € P such that
plF b is a cofinal branch for F.

We are going to find a condition ¢ € P such that ¢||p and for some b € W, we have
q b =b. Let x be large enough, for all X < H, of size N,,, we fix a condition px < p
and a function fx € Levxn, such that

px lFb X = fx.

Let S be the set of all the structures X < H,, such that X is internally approachable
of length N,,. Since every condition of P has size less than N,,, there is, for all X € S,
a set Mx € X of size less than N,, such that

px [ X C My.

By the Pressing Down Lemma, there exists M* and a stationary set £* C S such
that M* = My, for all X € E*. The set M* has size less than N, in W, hence

A:=( U px) | M* has size less than R,, in W. By the assumption, A is covered by
XeE*

some N € V of size v < £ in V. In V, we have |[N]<%| < <% < k. Tt follows that in
W there are less than N, ; possible values for px | M*. Therefore, we can find in W
a cofinal £ C E* and a condition ¢ € P, such that px [ X = ¢, for all X € F.

Claim 4.3. fx | Y = fy | X, for all X,Y € E.
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Proof. Let X, Y € E,thereis Z € E with X, Y, dom(px),dom(py) C Z. Then, we have
pxNpz = pxN(pz | Z) = pxNq = g, thus px||pz and similarly py||pz. Let r < px,pz
and s < py,pz,thenrl- f; [ X =b [ X =fyandslkF f, [ Y =b]Y = fy. It
follows that fx [Y = f2z [ (XNY)=fy | X. O
Let b be |J fx. The previous claim implies that b is a function and
X€EE

bl X = fy, forall X € E.
Claim 4.4. ¢ b =1b.

Proof. We show that for every X € E, the set By := {s € P; s |k bl X =0b] X}
is dense below ¢. Let r < ¢, there is Y € E such that dom(r), X C Y. It follows
that py Nr = py [ Y Nr = gNr = q, thus pyl||r. Let s < py,r, then s € By,
because s IFb [ X = fy | X = fx = b [ X. Since J{X N ;X € E} = p, we have
qgl-b=0. O

That completes the proof. ([l

5. THE MAIN FORCING

Definition 5.1. Let n be a regular cardinal and let 8 be any ordinal, we define
P(n,0) .= {p € Add(n,8); for every a € dom(p), « is a successor ordinal },

P(n,0) is ordered by reverse inclusion.

For E C 6, we denote by P(n,8) | E the set of all functions in P(n, §) with domain
a subset of E. The following definition is due to Abraham [1].

Definition 5.2. Assume that V- C W are two models of set theory with the same or-
dinals, let ) be a regular cardinal in W and let P := P(n, )", where 0 is any ordinal.
We define in W the poset M(n,0,V, W) as follows:

(p,q) € M(n,0,V, W) if, and only if,
(1) p € B(1,0)";
(2) ¢ € W is a partial function on 0 of size < n such that for every o € dom(q),
o is a successor ordinal, g(a) € W and IF}, q(a) € Add(n™)VIEI],

/

n

) p <
) dom(q) C dom(g);

)pla ||-1V3V[a q(a) < ¢ (a), for all o € dom(q’).

If 6 is a weakly compact cardinal, then M(X,,,0,V, V) corresponds to the forcing
defined by Mitchell for a model of the tree property at N, o (see [8]). Weiss proved
that a variation of that forcing with 6 supercompact, produces a model of the super
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tree property for N, 5. Let us discuss a naive attempt to build a model of the super
tree property for two successive cardinals W,,, X,,.; (with n > 2). We start with two
supercompact cardinals k < A in a model V| then we force with M(R,,_5, x, V, V') over
V' obtaining a model W; finally, we force over W with M(R,,_1, A, W, W). The problem
with this approach is that the second stage might introduce an (X,,, u)-tree F' with
no cofinal branches. Therefore, we have to define the first stage of the iteration so
that it will make the super tree property at N,, “indestructible”. The forcing notion
required for that will “anticipate a fragment” of the forcing at the second stage, namely

M(Nn—lv >\a M/) W)
Definition 5.3. For V.W and n, 0 like in Definition 5.2, we define
Q*(n,0,V,W) :={(0,q); (0,q) € M(n,0,V,W)}.

The poset defined hereafter is a variation of the forcing construction defined by
Abraham in [1, Definition 2.14].

Definition 5.4. Let V' be a model of set theory, and suppose that 6 > N, is an
inaccessible cardinal. Let P :=P(R,,,0)V and let L : § — Vj be any function. Define
R:=R(X,,0,L)
as follows. For each B < 0, we define by induction R | 8 and then we set R =R [ 6.

R [ 0 is the trivial forcing.
(p.q, f) € R | B if. and only if
(1) pEP | A= PR, 8)")
(2) q is a partial function on [ of size < N,,, such that for every o € dom(q), « is
a successor ordinal, g(a) € VEI® and IFp, ¢(a) € Add(R,,,q)VIE];
(3) f is a partial function on B of size <N, such that for all « € dom(f), « is a
limit ordinal, f(a) € VEI® and

IFrio L(@) is an ordinal such that f(a) € Q (R n+1 ] ,L(a), V,V(R T a)]).

R | 5 is partially ordered by (p,q, f) < (v, ¢, f') if, and only if:
(1) p<p';
(2) dom(q') € dom(q);
(3) pl alFp qla) < ¢(a), for all a € dom(q).
(1) dom(f") € dom(f);
(5) for all o € dom(f), if (p,q,f) o= (p T arq | o f | @), then

<p7 g, f) o ”_]R[a f(Oé) < f/(Oé)

Assume that V' is a model of ZFC with two supercompact cardinals x < A, and
L : k — V, is the Laver function. Let R := R(Rq, x, L) and let Gg C R be any generic
filter over V. Assume that Gy is an M(Xy, A, V, V[GR])-generic filter over V|G|, we
will prove in §8 that both Ny and N3 satisfy the super tree property in V[Gg|[Gp]-
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6. FACTORING MITCHELL’S FORCING

In this section, V, W, n, § are like in Definition 5.2. None of the result of this section
are due to the author. For more details see [1].

Remark 6.1. The function w: M(n,0,V,W) — P(n,0)" defined by n(p,q) :=p is a
projection. If P :=P(n,0)V and if Gp is a P-generic filter over W, then we define in
W [Gp] the poset

@(777 67 ‘/7 W7 GIP’) = M(U7 97 ‘/7 W)/GIP’

Lemma 6.2. The function o : P(n,0)"V x Q*(n,0,V,W) — M(n,0,V,W) defined by
a(p, (0,q)) = (p,q) is a projection. If Gy is a W-generic filter over M(n, 8, V, W),
then we define in W |Gy the poset:

S(n,6,V, W, Gu) := (P(n,0)" x Q*(n,0,V,W))/Gu.

Proof. Let P := P(n,0)V and Q* := Q*(n,0,V,W). It is clear that o preserves the
identity and respect the ordering relation. Let (p',¢") < o(p,(D,q)). Define ¢* as
follows: dom(g*) = dom(q’) and for a € dom(¢'), if @ ¢ dom(q), then ¢*(a) := ¢'(«);
if & € dom(q), we define ¢*(a) € WF!® such that the following hold:

(1) P 1 alkg(a) =d(a),

(2) if r € P [ « is incompatible with p’ | a, then r I ¢*(a) = ¢(«).
So M2, " (@) < g(a), hence (¢, (0,¢%)) < (p.(0,9)) in P x Q* and o(p', (0,¢")) =
(9, q*). Moreover [(p',q")] = [(p', ¢')], that completes the proof. O

Lemma 6.3. Q*(n,6,V,W) is n*-directed closed in W.
Proof. See [1] for a proof of that lemma. O

Lemma 6.4. Assume that P = P(n,0)" is nt-cc in W, for every filter Gy C
M(n, 8, V, W) generic over W, if Gp C P is the projection of Gy to P, then all sets of
ordinals in W[Gy| of size n are in W[Gp).

Proof. By Lemma 6.2 it is enough to prove that if Gp x Gg C P x Q*(n,0,V,W) is a
generic filter over W, then every set of ordinals in W[Gp x G| of size 7 is already in
W [Gp]. This is an easy consequence of Easton’s Lemma. O

Proposition 6.5. Assume that 0 is inaccessible in W and let M := M(n, 0, V,W).
The following hold:
(i) M| =0 and M is 6-c.c.;
(ii) If P(n,0)V is nT-cc in W, then M preserves n';
(iii) If P(n,0)V is nT-c.c. in W, then Ml makes 6 = nt+ = 21,

Proof. (i) The proof that [M| = 6 is omitted. The key point is that « is inaccessible,

so P(n, 6) has size 6 and for every (p,q) € M, there are fewer than 0 possibilities for

¢(«). The proof that M is #-c.c. is a standard application of the A-system Lemma.
(i7) It follows from Lemma 6.4.
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(iii) For every cardinal a €]n, 8], M projects to P(n,a)” which makes 27 > « and
then adds a Cohen subset of n*. That forcing will collapse « to n*. By the previous
claims, n" is preserved and # remains a cardinal after forcing with M. So, Ml makes
0 =ntt. 0
Lemma 6.6. The following hold:

(1) Assume that P :=P(n,0)V. If P adds no new < n sequences to W, then

ke Q(n,6,V, W, (P)) is n-closed

(2) Assume that P := P(n,0)V and M := M(n,0,V,W). If P adds no new < n
sequences to W, then Iy S(n, 0, V, W, (M)) is n-closed.

Proof. See [1]. O

For any ordinal a €]n, [, the function (p,q) — (p | @, ¢ | «) is a projection from
M(n, 8, V,W) to M, := M(n, «, V,W). We want to analyse
M(n,0,V,W)/Guu,,
where Gy, C M, is any generic filter over W. Consider the following definition.
Definition 6.7. Let 0’ €|n,0] be any ordinal and let P := P(n,0)V. Let My :=

M(n, 0, V,W) and assume that Gy, C My is any generic filter over W, then we
define in W' := WGy, ], the following poset M(n,0 —0',V,W').

(p,q) € M(n, 8 — 0", V,W') if, and only if,
(1) peP ] (6—1)
(2) ¢ € W' is a partial function on 10',0] of size < n such that for every
o € dom(q), o is a successor ordinal, q(o)) € (W)FI@=9) " and
||_I‘;;[FEQ79/) q(a) € Add(n™)W' I EIe=0)]
M(n, 8 — 0", V, W) is partially ordered as in Definition 5.2.
Lemma 6.8. [1, Lemma 2.12] Let 6’ €]n, 0] be any ordinal and let My := M(n, 0", V, W)

with Gy, € My a generic filter over W. Assume that P(n,0) is n*-cc in W and in
WG, |, then

M(n, 0, V,W) = My M(n, 0 — 0, V, W[{My)]).

Proof. One can prove that My «M(n, 0 — 0", V, W [(My/)]) contains a dense set isomor-
phic to Ml(n, 8, V, W). The proof is omitted, for more details see [1] Lemma 2.12. O

Remark 6.9. Lemma 6.2 and Lemma 6.3, can be generalized in the following way.
Assume that 0 < 0, P :=P(n,0)" | (6 —0), My :=M(n,0',V,W) and Gu, C My is
a generic filter over W, define

Q(n,0 = 0.V, W[Gu,]) = {(0,9); (0,q) € M(n,0 6",V W[Gu,])}.
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Then, M(n,0 — 0, V,W|[Gw,,]) is a projection of P x Q*(n,0 — 0',V,W[G,]) and
Q*(n,0 — 0, V,W[Gw,]) is n"-directed closed in WG, ].

7. FACTORING THE MAIN FORCING

In this section 0, V| L are like in Definition 5.4. We want to analyse the forcing
R(Rg, 0, L). As we said, that poset is a variation of the forcing defined by Abraham
n [1, Definition 2.14], we have just to deal with the function L. The proofs of the
lemmas presented in this section are very similar to the proofs of the corresponding
lemmas in [1].

Remark 7.1. (p,q, f) = (p,q) is a projection of R(Xg, 0, L) to M(Ry,0,V, V) and for
every limit ordinal o < 0, if L(«) is an R | a-name for an ordinal and Q* is the

canonical R | a-name for Q*(Ny, L(a), V,V[(R | a)]), then
Rla+1=RJaxQ".
Indeed, the functions in M(Rg, 0, V, V') are not defined on limit ordinals.

Lemma 7.2. Let U(Ry,0,L) :={(0,q, f); (0,q,f) € R} ordered as a subposet of R.
The following hold:
(i) the function m: P(Rg,0) x U(RNg, 0, L) — R defined by 7(p, (D,q, f)) = (p,q, f)
1S a projection;
(i) U(Ro, 0, L) is o-closed.

Proof. (i) Let (¢, ¢, f") < w(p,(D,q,[)).
(p,q) is a projection and we can find (()

4
We define a function f* as follows: dom(f*
a ¢ dom(f), then f*(a) := f'(a); if a € do
the following hold:

(1) (pla q,7 f,) f & ”_]R[a f*(Oé) = f,<a)7

(2) if r € R | a is incompatible with (p/, ¢/, ) | a, then r kg f*(a) = f(a).
Since (p', ¢, f') | o lrrie f'(@) < f(a), we have IFr, f*(a) < f(a). One can prove
by induction on « that [(p*,¢*, f*) | o] = [(¢/,¢, ') | o], and we have (0, ¢*, f*) <
0.4.1).

(i1) Let (0, qn, fn); n < w) be a decreasing sequence of conditions in U(Rg, §, L).
By definition, ((0, ¢,); n < w) is a decreasing sequence of conditions in Q*(Rg, 0, V, V)
which is o-closed by Lemma 6.3. So there is (0, q) such that (0, q) < (0, g,), for every
n < w. We define a function f with dom(f) = |J dom(f,) as follows. We define

n<w

By
")
)

Lemma 6.2, the function (p, (0,q))

< (0,q) such that [(¢',q")] = [(7/.)].
= dom(f’) and for all @ € dom(f’), if
m(f), we define f*(a) € VEI® such that

f I a4+ 1 by induction on «, so that
@.qla+l fla+l) < g fu) [a+1,

for all n < w. Assume f | a has been defined. For every m > n, we have

(®7Qm7 fm) f « H_IRW fm(a) S fn(a)7
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so by the inductive hypothesis we have (0,¢ | o, f | @) IF fi.(a) < fu(@). By Lemma
6.3, if G, C R | v is a generic filter over V| then Q*(Ry, L(«), V, V[G,]) is Na-closed
in V[G,]. It follows that for some f(a) € VEI® we have

D,q o fla)lkfla) < fmla), for every m < w.
Finally, the condition (0, ¢, f) is a lower bound for {(0, g, fn); n < w). O

Lemma 7.3. Assume that V is a model of ZFC with two supercompact cardinals
k<A and L : k — V, is the Laver function. Let R := R(Rg, x, L), and let M be the
canonical R-name for M(Ry, \, V, V[(R)]). The following hold:

(1) R has size k and it is k-c.c.;

(2) IFg A is inaccessible;

(3) For every filter Gg C R generic over V, if Gy is the projection of Gg to
Py :=P(Ry, k), then all countable sets of ordinals in V[Gg] are in V[Gy);

(4) R preserves Ny and makes k = Ny = 2%0;

(5) If Gr C R is a generic filter over V, then Py := P(Xy, \)V does not introduce
new countable subsets to V|Grl;

(6) IFg PNy, \)Y is k-c.c. (and even r-Knaster).

Proof. (1) The proof is similar to the proof of Lemma 6.5 (i) and it is omitted.

(2) It follows from the previous claim.

(3) By Lemma 7.2, it is enough to prove that if Gy x H C Py x U(Rg, x, L) is any
generic filter over V| then every countable set of ordinals in V[Gy x H] is already in
V[Go]. This is an easy consequence of Easton’s Lemma.

(4) Since P(Ry, k) is c.c.c., Claim 3 implies that ¥y is preserved. The forcing R
is k-c.c., hence k remains a cardinal after forcing with R. Moreover, R projects on
M(Ry, , V, V') which, by Proposition 6.5, collapses all the cardinals between 8; and &
and adds x many Cohen reals. Therefore R makes k = Ry = 280,

(5) By Lemma 7.2, R is a projection of Py x Uy, where Py := P(Xg,x) and U :=
U(Rg, k, L). By Easton’s Lemma IFp «py Py is < Ny-distributive, so no countable se-
quence of ordinals is added by P; to V[Gy x H], where Gy C Py and H C U are
generic filters over V' such that Gg is the projection of Gy x H to R. Moreover, we
proved in Claim 3, that every countable sequence of ordinals in V[Gy x H| is already
in V[Go]. Since V[Gy] C V[Gg], this completes the proof.

(6) Let Gr C R be a generic filter over V. Work in V[Gg]. Assume that (f,; a < k)
is a sequence of conditions in P; := P(R;,\)V. Let D := ] dom(f,), then there is

a<k
a bijection h : D — k. Since every condition of the sequence is a countable function

we have, for every a < k of uncountable cofinality sup(h[dom(f,)] N ) < a. So the
function a — sup(h[dom(f,)] N «) is regressive. By Fodor’s Theorem, there is an
ordinal 7 and a stationary set S C k such that sup(h[dom(f,)] Na) = 7, for every
a € S. The set h™!(7) has size < k in V[Gg] and R is k-c.c., so there is aset E € V of
size < k in V such that h~'(7) C E. Since & is inaccessible in V, we can find in V[Gg]
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a stationary set S’ C S such that f, [ E has a fixed value, for every o € S’. Then the
sets in {dom(f,) \ £; a € S’} can be assumed to be pairwise disjoint, hence f, U f3
is a function for every a, 5 € S’. d

Lemma 7.4. [1, Lemma 2.18] Assume that o« < 0 is a limit ordinal, let P := P(Ro, 0) |
(0 —a), R:=R(Ro,0,L) and let Go, CR [ v+ 1 be a generic filter over V. We define
in V[Gay1] the following set:

Ua-i—l(Nana L, Ga+1) = {(07% f) S R(Nana L)7 (O,Q, f) [ o+ 1e Ga+l}-

Then R/G 41 is a projection of P X Uay1(Ro, 0, L, Gay1), and Uyy1(No, 0, L, Goyq) is
o-closed in V[Gay1].

Proof. The proof is very similar to the proof of Lemma 2.18 in [1] and it is omitted. [

8. THE MAIN THEOREM

Theorem 8.1. Assume that V' is a model of ZFC with two supercompact cardinals
K < A, and suppose that L : k — V,; is the Laver function. If R := RNy, k, L), and
M is the canonical R-name for M(Ry, X\, V, V[(R)]), then for every filter G C R % M
generic over V., both Ry and W3 satisfy the super tree property in V|[G].

The proof that the model obtained is as required consists of three parts:
(1) VIGI EXY =R;, k =Ry and \ = N3;
(2) W3 satisfies the super tree property.
(3) Ny satisfies the super tree property;

PROOF OF (1)

First we show that N, is preserved. Let Gr be the projection of G to R and let Gy
be the projection of G to M := M%*. By Lemma 7.3, ¥; is preserved by R. Moreover,
P(N;, \)V does not introduce new countable subsets to V[Gg] (see Lemma 7.3 (5)). So,
by Lemma 6.6 (1) M does not introduce new countable sequences, hence X; remains
a cardinal in V[G]. Now, we show that x remains a cardinal in V[G]. By Lemma 7.3,
we know that s remains a cardinal in V[Gg] and becomes Ny. By Lemma 7.3 (6),
P(Ny, \)Y is k-c.c. in V[Gg], so x remains a cardinal after forcing with P(Xy, \)V" over
V[GR] and it is equal to Ny. By applying Lemma 6.4, we get that all sets of ordinals in
V[G] of cardinality Ny are in V[Gg][Gp], where Gp is the projection of Gy to P(Ry, \)V.
Therefore, £ remains a cardinal in V[G]. Finally, A remains a cardinal because R M
is A-c.c., and it becomes Nj.

PROOF OF 2

By (1), we know that A = N3 in V[G], so we want to prove that A has the super
tree property in that model. Let p > X be any ordinal, we fix, in V[G], a (), p)-tree
F and an F'-level sequence D. Fix an elementary embedding 7 : V' — N with critical
point A such that:
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(1) if o := |pu|<*, then j()\) > o,
(2) °N C N.
The structure of the proof is the following. First, we find H C j(R % M) generic
over N such that j lifts to an elementary embedding j* : V[G] — N[H]. Then, we
prove that N[H] has an ineffable branch b for D. Finally, we show that b € V[G].

Claim 8.2. We can lift j to an elementary embedding j* : V[G] — N[H], with
H C j(R x M) generic over N.

Proof. To simplify the notation we will denote all the extensions of j by “;” also. We
let Gg be the projection of G to R and let Gy be the projection of G to M := MC=,
As A > k and |R| = k, we have j(R) = R, so we can lift j to an elementary
embedding
Observe that j(M) | A = M(Xy, A\, N, N[Gr]) = M(Xy, A, V, V[Gr]) = M. Force over
V|[Gr] to get a j(M)-generic filter H;ug such that Hjagy [ A = Gy. By Lemma 6.5
and Lemma 7.3 (2), M is A-c.c. in V[GR], so j [ M is a complete embedding from M
into j(M), hence we can lift j to an elementary embedding

J : VIGe][Gu] = NIGr][H;qn)]-
0
Rename j* by j. We define .41 := N[G] and A5 := N[Ggr|[H;qn]. In A3, j(F) is a
(7(A), g (p))-tree and j(D) is a j(F)-level sequence. By the closure of N, the tree F’
and the F-level sequence D are in .41.

Claim 8.3. In A3, there is an ineffable branch b for D.

Proof. Let a := j[u], clearly a € [j(u)]<'®. Consider f := j(D)(a), let b : u — 2
be the function defined by b(a) := f(j(«)), we show that b is an ineffable branch for
D. Assume for a contradiction that in .45 there is a club C' C [u]<? N .41 such that
b| X # D(X), for all X € C. Then by elementarity,

J(b) T X # §(D)(X),
forall X € j(C). Buta € j(C)and j(b) [ a = f = j(D)(a), so we have a contradiction.
U

We have found an ineffable branch b for D in the model .45. We conclude the
proof by proving that b is already in N[G] (if b € N[G], then b is ineffable since
{X € [W<MAN[G]; b X = D(X)} is stationary in .45, hence it is stationary in
N[G]), hence in V[G]. We assume, towards a contradiction, that b ¢ N[G]. Step by
step, we want to prove that b ¢ 45, that will lead us to a contradiction.

By Remark 6.9, M(Ry, j(A) — A\, N, N[G]) is a projection of
P x @*(Nh](/\) - Av N)N[G])a
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where P :=P(Ry, j(A\)Y | (5(A) = \), and Q* := Q*(Xy, 5(\) — X, N, N[G]) is Ny-closed
in N[G]. In N[G], we have A = 83 = 2™ and F is an (N3, u1)-tree, so we can apply the
First Preservation Theorem, thus

b ¢ N|G][Hg],

where Hg- is the projection of H;u to Q*. The filter Hg- collapses A (which is NéV[G])
to have size Ny, so now F is an (Xy, yt)-tree. The model A5 = N[Ggr|[H;uy] is the
result of forcing with P over N[G][Hg+]; we want to apply the Second Preservation
Theorem. Every set X C N in N[G][Hg+] which has size < Ry in N|[G][Hg+] is covered
by a set Y € N which has size < A in N, so the hypothesis of the Second Preservation
Theorem are satisfied, hence b ¢ N|[Gg|[Hg+| = 45, a contradiction.

This completes the proof of (2).

PRrROOF OF 3

By (1), we know that k = Ny in V[G], so we want to prove that x has the super
tree property in that model. Let u > x be any ordinal, we fix, in V[G], a (k, p)-tree
F and an F-level sequence D. Since L is the Laver function, there is an elementary
embedding 7 : V — N with critical point x such that:

(1) if o := max(A, |u|<"), then j(k) > o,

(2) °N C N,

(3) J(L)(k) = A.
Claim 8.4. We can lift j to an elementary embedding j* : V[G] — N[H], with
H C j(R « M) generic over N.

Proof. To simplify the notation we will denote all the extensions of j by “j” also. Let
Gr be the projection of G to R and let Gy be the projection of G to M := M%=.
Observe that j(R) = R(Ro,j(r),j(L))" = R(Ro,j(x),j(L))", and j(R) | £ = R.
Force over V' to get a j(R)-generic filter Hjg) such that Hjg) [ & = Gr. By Lemma
7.3 (1) R is k-c.c. So j | R is a complete embedding from R into j(R), hence we can
lift j to get an elementary embedding
j : V[GR] — N[Hj(R)].
By Lemma 6.2, in V[GR], the forcing M is a projection of
PRy, A)Y x Q* (R, \, V, V[GR])
(moreover, ]P)(Nh A)V = ]P)(Nh A)]\[ and @*(Nla )‘7 V7 V[GRD = @* (Nb Aa N7 N[GRD)
Recall that
SRy, A\, V, V[GR], Gu) = (P(R1, )Y x Q* (N1, \, V, V[Gr]))/Gu,

so by forcing with S(Ry, A, V, V[GRr], G ) over V[G] we obtain a model V[Gg][Gp x Go+]
with Gp X Gg+ generic for P(Ry, \)V x Q*(Ry, \, V, V[GR]) over V[Gg] and such that
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Gy is the projection of Gp x G+ to M.

If P := P(N,\)”, then P is k-c.c. in V[Gg] (Lemma 7.3 (6)), hence j | P
is a complete embedding of P into j(P). Moreover, P is isomorphic via j | P to
PRy, §A)Y = PRy, j[A])". By forcing with P(Ry, j(A)" I (j(A) = j[A]) over V[H;w)
we get a j(P)-generic filter Hjpy such that j[Gp] € Hjp). Then j lifts to an elementary
embedding

J : VIGe][Ge] = N[Hjw[H,j)]

Let Q* := Q*(Ny, A\, V,V[GRg]). By Remark 7.1 and since j(R) [ k = R, we have
F(R) | K41 = R*Q* where Q* is an R-name for Q*(Xy, j(L)(x), V, V[Gg]). We chose
j so that j(L)(k) = A, therefore forcing with j(R) [ k41 over V is the same as forcing
with R followed by forcing with Q* over V[Gg]. It follows that, by the closure of N, we
have j[Gg-] € N[H;®)]. By Lemma 6.3, Q* is Ny-directed closed in V' [Gg], hence j(Q*)
is Ny-directed closed in N[Hjg)]. Moreover, the filter Hjg) collapses A to have size 8y,
thus j[Gg-+| has size Xy in V[Hj(g)]. Therefore, we can find ¢t < j(q), for all ¢ € Gg~. We
force over V[G )| with j(Q*) below t to get a j(Q*)-generic filter Hj(g~) containing
J|Gq-]. The filter H;p) x Hjq~) generates a filter H;ug) generic for j(M) over N[Hjg)).

It remains to prove that j[Gwm] C Hjum : let (p,q) be a condition of Gy, there
are p € Gp and (0,q) € Gg- such that (p,q) < (p,q). We have j(p) € H;p) and
(0,7(q)) € Hjq~), hence (j(p),0) and (0, j(q)) are both in H;ug. The condition j(p, q)
is the greatest lower bound' of (j(p),0) and (0, j(q)); it follows that j(p,q) € Hjum).
We also have j(p,q) < j(p,q), hence j(p,q) € H;un as required. Therefore, j lifts to
an elementary embedding

J: VIGe][Gu] = N[H;@)[Hjwn)-
U
Rename j* by j. We define A1 := N[G] and A5 := N[H;w)|[H;m)]. In A5, j(F) is

a (j(k),7(p))-tree and j(D) is a j(F')-level sequence. By the closure of N, the tree F
and the F-level sequence D are in .41.

Claim 8.5. In %, there is an ineffable branch b for D.

Proof. Let a := j[u], clearly a € [j(u)]<'®). Consider f := j(D)(a), let b : u — 2 be
the function defined by b(«) := f(j(«)), we show that b is an ineffable branch for D.
Assume for a contradiction that for some club C' C [u]<I*IN.4] we have b | X # D(X),
for all X € C. Then by elementarity,

3(b) I X # 5(D)(X),

Li(p,q@) = (j(§),4(Q)) is clearly a lower bound. Suppose that (p1,q1) is also a lower bound, then
by definition p; < j(p) and p1 | oI g1(a) < j(g)(e), for every . That is (pr, 1) < (F(p), ().
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forall X € j(C).Buta € j(C)and j(b) [ a = f = j(D)(a), so we have a contradiction.
U

We conclude the proof by showing that b is already in .41.
Claim 8.6. b € /1.

Proof. Assume towards a contradiction that b ¢ .47. Step by step, we are going to
prove that b ¢ .45, that will lead us to a contradiction. By Lemma 7.3 (5) and
Lemma 6.6 (2), the poset S := S(Xy, A\, N, N[Gg|, Gy) is o-closed in A7. In A7, we
have k = Ny = 2% hence F is a (Ny, u)-tree and we can apply the First Preservation
Theorem to S, thus
b ¢ N[GR] [G]p X GQ*]
(we defined Gp x G- in Claim 8.4 as an S-generic filter). S is < Ny-distributive in
A (this is a standard application of Easton’s Lemma, see [2, Lemma 3.20] for more
details) so F' is still an (Ng, p)-tree after forcing with S. Now, the forcing that takes
us from P to j(P) is
Prait 1= P(R1, J))™ T (G(A) = A)).

The pair (N, N[Ggr][Gp X Gg+]) has the k-covering property, because S is < No-
distributive and R is k-c.c. Since k is inaccessible in N, we can apply the Second
Preservation Theorem to Py, so

b ¢ N|Gr]|Gor][Hje)-

We already observed in the proof of the first claim that forcing with j(R) [ x + 1
over V is the same as forcing with R followed by forcing with Q* over V[GRg]. So, if
H,1 is the projection of Hjg) to j(R) [ x4+ 1, then N|[Gr|[Gq+] = N[H,41]. This
means that we proved

b & N[Hp1][Hje)-

Consider Ry, := j(R)/H,y1, by Lemma 7.4, Ry, is a projection of Py x Uy, where
]PO = ]P(NOaj(H))N f (](’%) - '%) and UO = UH+1(NU7j(H)7j(L)a Hn-i-l)v moreover, UO is
o-closed in N[H,1]. Forcing with j(IP) does not add countable sequences to N[H 1]
(the proof is analogous to the proof of Lemma 7.3 (5)) hence Uy is still o-closed in
N{Hei)[Hyo)).

We want to apply the First Preservation Theorem to Uy, so consider the following
facts. In N[H,1][H;@)], we have 2% = j(k) > £ = Ny but now F is not exactly an
(Rg, p)-tree because N[H,1][H @] was obtained by forcing with Pyqy over N[Gg][Gp x
G| and Py, is not < No-distributive. Neverthless, Py is No-c.c. in N[GR][Gp X Go+]
(the proof is analogous to the proof of Lemma 7.3 (6), see [2] for more details), so I’
“covers” an (Ny, p1)-tree, namely there is in N[H,1|[H;@)] a (Ra, p)-tree F* such that
for cofinally many X € [u]<®2, Levx (F) C Levx(F*). Let N[Huy,][H;)] be the generic
extension obtained by forcing with Uy over N[H, 1|[H;w)]. If b € N[Hy,|[H;w], then
b provides a cofinal branch for F* in that model, hence by the First Preservation
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Theorem, b € N[H, 1|[H;p)|. But we already proved that b does not belong to that
model, so we must have

b ¢ N[Huy,|[H;m)]-

The filter Hy, collapses x (hence Ry) to have size Ny, so now F* is an (Ny, p)-tree in
W := N[Huy,|[Hjwp). The model N[H;m)|[H;m]| is the result of forcing with Py over
W. Observe that Py and (W, W) satisfy all the hypothesis of the Second Preservation
Theorem: indeed, Py € Add(Ry, j(x))" and in W, we have y<¥ < w; for every cardinal
v < wy. Therefore,

b ¢ N[Hjm)][H;e)

Py is c.c.c. in W (the proof is analogous to the proof of Lemma 7.3 (6)), so F*
covers an (Xy, u)-tree in N[Hjw|[H;mp)], we rename it F*. 45 is the result of forcing
with

QRy, j(A), N, N[Hjw)l, Hjey) = MRy, j(A), N, N[Hjm])/ Hie)

over N[H;m)|[H;w)] and by Lemma 6.6 (1), that poset is o-closed in N[Hw)|[H,m)].
The function b, which is in .45, provides a cofinal branch for F* in _A45. It follows, from
the First Preservation Theorem, that b ¢ 45, a contradiction. [l

This completes the proof of (3).

9. CONCLUSION

Cummings and Foreman [2] defined a model of the tree property for every N,
(n > 2), starting with an infinite sequence of supercompact cardinals (k). Their
forcing R, is basically an iteration with length w of our main forcing. We conjecture
that R, produces a model in which every N, (n > 2) satisfies even the super tree
property. If we want to prove that stronger result, we have to deal with the following
fact: every k,-tree in the Cummings-Foreman model appears in some intermediate
stage, that is after forcing with R, | m for some m; in the case of a (k,, u)-tree, that
is not necessarily true.
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