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Overview

The goal of this work is to get a better understanding of two
notions of randomness :

1/ The first one is called weakly-M-randomness (Notion
introduced by Nies, in ‘Computability and randomness’, 2009)

2/ The second one is called Mi-randomness (Notion introduced
by Sacks, in ‘Higher recursion theory’, 1990)

The goal :  Show that 2/ is stronger than 1/
How :  Yu and Chong proposed to show that the two notions
have different Borel complexity.

We showed that this is not possible, as both sets are Zg. I
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Complexity of sets

The Cantor space

What do we work with ?

Our playground || The Cantor space

Denoted by 2

Topology The one generated by the cylinders [o],
the set of sequences exntended o, for every
string o

An open set I/ is || A union of cylinders




Complexity of sets

Arithmetical complexity of sets

The Borel sets on the Cantor space

Z(l’ sets are Open sets

I'I(1’ sets are Closed sets

Z?z+1 sets are || Countable unions of I'Ig sets

MY, sets are || Complements of X3_; sets

What about a union of I'I?, sets for n unbounded in w?



Complexity of sets

Arithmetical complexity of sets

We define Borel sets by induction over the ordinals

Z(l’ sets are

Open sets

I'I(I) sets are

Closed sets

Zgﬂ sets are

Countable unions of I'Ig sets

H?HI sets are

Complements of Zg+1 sets

Zgup o, Sets are
n

Countable unions of I'I% sets for 8 < sup,, ap




Complexity of sets
Effectivize the arithmetical complexity of sets

Notation : [W,] = U [o]
oeWe

Y9 sets are || of the form [W,]

N9 sets are || of the form [W,]°

Y9 sets are || of the form Unew, [Wal°

I'Ig sets are || of the form ﬂneWe[Wn]

Effectivize £ for o not ‘too big’ is also doable.
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Randomness and genericity

Algorithmic randomness

The general idea of randomness :

@ Fix a countable class of sets of measure 1

@ Say that something is random if it belongs to all of them

1-random every Zg sets ‘effectively of measure 1

weakly-2-random || every ¥9 sets of measure 1

2-random every Zg sets ‘effectively of measure 1'




Randomness and genericity

Algorithmic randomness

Effectively of measure 1 sets

A union of set UAn is said to be effectively of measure 1 if there
is a computable function f : w — [0, 1] going to 1, such that

A(Ap) > f(n).

We have :
1-random « w2-random « 2-random <« w3-random « ...

All implications are strict



Randomness and genericity

Genericity

The general idea of genericity :

@ Fix a countable class of dense open sets of 2¢
@ Say that something is generic if it belongs to all of them

weakly-1-generic || every dense Z(l) set

. /J_\
1-generic every set U U (2¥ — U) for U a X9 set

weakly-2-generic || every dense 9(()') set

weakly-1-generic < 1-generic «— weakly-2-generic «— 2-generic «

All implications are strict



Randomness and genericity

Another type of genericity : I'I?—Genericity

We consider genericity for the topology generated by I'I? sets

Dense open sets

An open set is a countable union of MY set. It is dense if it
intersects any non empty MY sets.

weakly—l'l?—generic

every dense Y9 set

I'I(l)—generic

—
every set of the form F u (2¥ —U) for F a
>0 set




Randomness and genericity

Mix genericity and randomness : I'I?—Solovay—Genericity

We still consider genericity for the topology generated by I'Itl’ sets

Open sets

An open set is now ‘dense’ if it intersects with positive measure
any I_Icl) sets of positive measure.

weakly-M9-Solovay-generic || every ‘dense’ ¥9 set

I'I(l)—Solovay—generic every Zg set F together with all I'I(l)
sets of positive measure, included
in 2% — F.




Randomness and genericity

Results on M%-Solovay-Genericity

Definition

A sequence X is computably dominated if any functions

f : w — w that X can compute is dominated by a computable
function g : w — w (that is we have for all n that f(n) < g(n)).

A sequence X is I'Icl)—generic iff it is computably dominated.

A sequence X is I'I(l)—SoIovay generic iff it is computably dominated
and weakly-2-random.
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Beyond arithmetic

Computable ordinals

Computabe ordinals

An ordinal « is computable if there is a c.e. well-order R € w x w
so that |R| = .

| A\

W and W,

We denote by W the set of codes for computable ordinals, and we
denote by W, the set of codes for computable ordinals strictly
smaller than «.

| A

Strict initial segment

The computable ordinals forms a strict initial segment of the
countable ordinals.

\




Beyond arithmetic

Analytic and co-analytical sets

N} sets

A set of integers/sequence is M} if it definable by a formula of
arithmetic whose quantifiers over sets are only universal.

| \

Y1 sets

A set of integers/sequence is Z% if it definable by a formula of
arithmetic whose quantifiers over sets are only existential.

N

A set of integers/sequence is A} if it both M} and Xi.




Beyond arithmetic

Analytic and co-analytical sets

A set of integers A is I'I% iff there is a computable function
f:w wsothat ne Aiff f(n) e W.

A set of sequences A is M7 iff there is a code e so that X € A iff
ee WX

Theorem

A set of integers A is A% iff there is a computable function
f :w— w and a computable ordinal « so that n e A iff
f(n)e W,.

A set of sequences A is A} iff there is a code e and a computable
ordinal a so that X € A iff e € WX,




Beyond arithmetic

Example of I'Ii set of sequence

We denote by wfk the smallest non-computable ordinal.

We denote by wi the smallest non-computable-in-X ordinal.

The set {X : wi > wf}is:
o AT set
@ of measure 0

@ meager
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Higher randomness/genericity

Another hierarchy

M1 open sets & 1 closed sets

An open set is a 1] open set if it can be described with a I} set of
strings. The Z% closed sets are complements of I'I% open set.

We can have a ‘higher Borel hierarchy’ starting from I_I% open sets
and X1 closed sets :

Q A set is M3(M}) is it is a uniform intersection of M} open sets.

O Asetis Y9(X1) is it is a uniform union of ! closed sets.
(&7 1

@ Asetis NJ(X1) is it is a uniform intersection of a uniform
union of X1 closed sets.

Q Asetis Zg(l’l}) is it is a uniform union of a uniform
intersection of M} open sets.



Higher randomness/genericity

Higher randomness

Al-random

A sequence is weakly—Ai—random if it belongs to no A% nullset

weakly-Ti-random

A sequence is weakly-Ti-random if it belongs to no M3(M3) nullset

A sequence is Mi-random if it belongs to no M} nullset

We have

Al-random « weakly-Mi-random « Mi-random.



Higher randomness/genericity

Higher randomness

Is M3i-random different from weakly-M}-random ?I

An approach to solve this question is to show that the set of I'I%—
randoms and the set of weakly-M}-randoms have different Borel com-
plexity. We showed that is is not possible, as both sets are Zg.



Higher randomness/genericity

Higher randomness with genericity

We give an analogue of the notions of Solovay genericity with I'Icl)
sets.

weakIy—Z%—SoIovay—generic

A sequence is weakly-YX1-Solovay-generic if it is in every ¥3(X1)
sets intersecting with positive measure every Z% closed set.

Z%—Solovay—generic

| \

A sequence X is ¥1-Solovay-generic if for every ¥9(X1) sets F,
either X is in it or X belongs to a Z% set of positive measure,
included in the complement of F.




Higher randomness/genericity

Equivalence 1

The set of Weakly—l'l%—randoms is obvisouly Zg.

v

A sequence is weakIy—Z}—SoIovay—generic iff it is
weakly-Mi-random.

A\

— If X is weakly-X1-Solovay-generic then it is surely in every
Y9(x}) sets of measure 1.

« If X is not weakly-X}-Solovay-generic then it is in a M3(M})
containing no X} closed set of positive measure. But such a
N9(N1) is necessarily of measure 0 (Not trivial).



Higher randomness/genericity

Equivalence 2

A sequence is X }-Solovay-generic iff it is M}-random

Theorem Chong, Yu, Nies

ck
1 .

A sequence is Mi-random iff it is Al-random and wy® = w

Proof Idea of theorem 2 :

« If X is not X}-Solovay-generic then it is in a M3(M1) set G so
that for no X1 closed set of positive measure F we have
XeF <SG If wf =wfk we can deduce from this that X is in
a Al set of measure 0 (not trivial).

— If X'is Z%—Solovay—generic then surely X is A%—random. All
that need to be proved is that wi’ = w§X. This is the tricky
part.



Higher randomness/genericity

Consequences

The set of ﬂ%—randoms has the same Borel complexity than the
weakly—l'l%—randomns : Zg. Using a result of Liang Yu, this
complexity is strict (it is not I'Ig).

However, using a another technique, we recently proved that :

There is some X which is weakly-Mi-random but not Mi-random.




Thank youI
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