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Hilbert’s 10th problem and
how to ‘flatten’ its instances
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Hilbert’s 10th problem ( 1900 )

Given: a Diophantine eq.
D( x1, . . . , xm ) = 0 ↪→ Algorithmic

decider

H©
↪→ yes / no

Scheme of a hypothetical solver for the 10th problem. The answer:

“no” should indicate that there exist no solutions;
“yes ” should indicate that the equation has at least one solution

x1 = v1
...

...
...

xm = vm

where each v i is an integer ( positive, negative, or null ).
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An adaptation of Hilbert’s 10th problem to N

Establishing whether or not, any given equation

D( x1, . . . , xm ) = 0 ,

( where D is a polynomial with coefficients in Z ),

admits a solution
1 in Z
2 in N

are problems translatable into each other.

This presentation will refer H10 to N
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Limiting result by Davis-Putnam-Robinson-Matiyasevich

Theorem DPRM ( 1970 )

Hilbert’s problem H10 is algorithmically unsolvable
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Flattening instances of H10 into special low-degree systems

Consider a polynomial Diophantine equation

D( x1, . . . , xm ) = 0

to be solved in N. By pulling out subterms of the polynomial D, we
can flatten this equation into a system (=conjunction) of equations
of the forms

x = y + z , x = y · z , x = 1 , x = y

,

where x , y , z stand for variables, to be regarded—the new ones as
well as the original ones, x1 , . . . , xm—as unknowns in N. We will
manage that x , y , z are distinct when they appear in the same
equation x = y ? z .

The equisolvability between the system ∆

thus obtained and the equation given at the outset will be obvious.
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Example of how to flatten a Diophantine eq.

The equation†

4 x31 x2 − 2 x21 x33 − 3 x22 x1 + 5 x3 = 0

in 3 unknowns can be flattened into the following system in 22
unknowns ( 19 are ‘temporaries’ ):

ζ = ζ1 + ζ2 , ζ1 = ζ2 + ζ , ζ2 = ζ+ ζ1 ,

o = 1 , o1 = o

+ ζ

, u2 = o + o1 ,

o 6= ζ , o ′
1 = o + ζ , o = o1 · o ′

1 ,

p1 = u2 · x1 , p2 = p1 · x1 , p3 = p2 · x1 ,
q1 = u2 · x2 , q2 = q1 + x2 , q3 = q2 · x2 ,
s1 = x3

+ ζ

, s2 = s1 · x3 , s3 = s2 · x3 ,
r1 = s1 + x3 , r2 = r1 + x3 , r3 = r1 + r2 ,

t1 = p3 · q1 , t2 = p2 · s3 , t3 = q3 · x1 ,
w = t1 + r3 , w = t2 + t3 .

†Cf. [Mat93, p. 4]
D. Cantone, E. G. Omodeo, and M. Panettiere Unsolvable cases of the Entscheidungsproblem for ZF 8/47



Example of how to flatten a Diophantine eq.

The equation†

4 x31 x2 − 2 x21 x33 − 3 x22 x1 + 5 x3 = 0

in 3 unknowns can be flattened into the following system in 25
unknowns ( 22 are ‘temporaries’ ):

ζ = ζ1 + ζ2 , ζ1 = ζ2 + ζ , ζ2 = ζ+ ζ1 ,

o = 1 , o1 = o + ζ , u2 = o + o1 ,

o 6= ζ , o ′
1 = o + ζ , o = o1 · o ′

1 ,

p1 = u2 · x1 , p2 = p1 · x1 , p3 = p2 · x1 ,
q1 = u2 · x2 , q2 = q1 + x2 , q3 = q2 · x2 ,
s1 = x3 + ζ , s2 = s1 · x3 , s3 = s2 · x3 ,
r1 = s1 + x3 , r2 = r1 + x3 , r3 = r1 + r2 ,

t1 = p3 · q1 , t2 = p2 · s3 , t3 = q3 · x1 ,
w = t1 + r3 , w = t2 + t3 .

†Cf. [Mat93, p. 4]
D. Cantone, E. G. Omodeo, and M. Panettiere Unsolvable cases of the Entscheidungsproblem for ZF 8/47



Trick to avoid equations between variables

We have just seen how to eliminate equations of the form x = y

( with x , y distinct var’s ) during flattening, thanks to a new var. ζ
which ( in concert with others ) gets the value 0 . To enforce this,
three constraints suffice:

ζ = ζ1 + ζ2 , ζ1 = ζ2 + ζ , ζ2 = ζ+ ζ1 ,︸ ︷︷ ︸
ζ 6 ζ1 6 ζ2 6 ζ ∴ ζ = ζ1 = ζ2 = 0

Figure: The three variables ζ , ζ1 , ζ2 are thus forced to take the value 0
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How to employ squaring instead of product

We can also rewrite each equation of the form

x = y · z

as a system involving only squaring and addition. In fact we can
replace it, in light of the identity

k︷ ︸︸ ︷
(y · z︸︷︷︸

x

) + (y · z︸︷︷︸
x ′

) +

h︷ ︸︸ ︷
y2︸︷︷︸
f

+ z2︸︷︷︸
g

= (y + z︸ ︷︷ ︸
p

) 2 ,

by the following equations:

q = k + h ,
k = x + x ′ , x ′ = x + ζ ,

h = f + g , f = y2 , g = z2 ,
p = y + z , q = p2 ,

where f , g , h, k , p, q and x ′ are new and, as before, ζ = 0.
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From Hilbert’s 10th problem to
undecidable fragments of ZF
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From arithmetic to set theory

From∆ ( a flat Diophantine system ) we’ll get a conjunction, ∆̂,
of set-theoretic constraints of the forms:

= ∪ union ( dyadic operation )
= × Cartesian product ( dyadic operation )
∩ = ∅ disointness ( dyadic relation )

| | = | | equinumerosity (dyadic relation)
Finite ( ) finitude ( property )

= { } singleton formation ( monadic operation )
6= ∅ non-emptyness ( property )

| | 6= | | non-equinumerosity ( dyadic relation )

Here, in light of the replaceability of multiplication by the squaring
operation ( as pointed out above ), we might only employ Cartesian
square y × y , without ever resorting to the product y × z with
y distinct from z .
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Set-theoretic repr of a flat Diophantine sys ∆

Translate each conjunct of ∆, on the basis of its form:

x = y + z V | x | = | uy ,z | & uy ,z = y ∪ z

( where uy ,z is a new var. );

x = y · z V | x | = | wy ,z | & wy ,z = y × z

( where wy ,z is a new var. );

o = 1 V o = { }

( ‘ ’ either new or the same as ζ ).

o 6= ζ V either o 6= ∅ or | o | 6= | ζ | .

By also adding the constraint

y ∩ z = ∅ for each pair y , z of distinct var’s in ∆ ,

Finite ( v ) for each variable v occurring in ∆ ,

we get the set-theoretic counterpart, ∆̂ , of ∆ .
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Fidelity of the set-theor. translation ∆V ∆̂

If ∆̂ has a solution v 7→ v over sets, then it is plain that by
restricting the function v 7→ |v | to the unknowns of ∆ we will get a
solution to ∆ in N.

Conversely, suppose that v 7→ v is a solution to ∆ in N. Let us fix
an order v1, . . . ,v ` of the distinct variables of ∆, and put

v̂ i =Def

{∑i−1
j=0 v j , . . . , v i − 1+

∑i−1
j=0 v j

}
for i = 0, . . . , `, so that the sets v̂1, . . . , v̂ ` are p.w. disjoint and
each of them satisfies |v̂ i | = v i . Then put, for the variables uy ,z
and wy ,z :

ûy ,z = ŷ ∪ ẑ , ŵ y ,z = ŷ × ẑ ;

we will thus get a hereditarily finite solution v 7→ v̂ for ∆̂.
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Corollary: algorithmic unsolvability of set-theor. satisfiability

The equisatisfiability between ∆ and ∆̂, just seen, along with the
DPRM theorem, gives us:

Theorem CCP ( Cantone–Cutello-Policriti, 1990 )∥∥∥∥∥∥
When referred to conjunctions of constraints of the
forms shown in the previous table, the set-theoretic
satisfiability problem is algorithmically unsolvable.

Remark ( One may prefer to avoid Cartesian product )

If one, while building a flat ∆ in arithmetic, uses squaring instead
of product, then the conjuncts of ∆̂ which involve × can be
superseded by literals of the form | | = | |2, via the translation

x = y2 V | x | = | y |2 .
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Refinements: algorithmic unsolvability of set-theor. satisfiability

Remark ( Cartesian product can be weakened )

The role of × can be superseded, in the reduction of H10
to sets, by the following weaker operation:

y ⊗ z =Def

{
{u, v } : u ∈ y , v ∈ z

}
.

Remark ( One negative constraint suffices )

Altogether, at most one constraint of any of the three forms

o = { } , o 6= ∅ , | o | 6= | ζ |

is needed to ensure the set-theoretic analogue of DPRM.

Instead of any of those, one could exploit ∈ . E.g.:

o = { ζ } ; ζ ∈ o & | o | = | o |2
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Finitude vs negative constraints

Remark ( One finiteness constraint suffices )

∧`
i=1 Finite (v i ) ; Finite (φ) &

∧`
i=1

(

φ ⊇ v i

= v i ∪ v ′
i

)
W.l.o.g., we may require that this finite ‘container’ φ be at least

singleton:
Finite (φ) ; φ = φ1 ∪ φ2 & φ2 = { } & |φ| 6= |φ1|

doubleton:
Finite (φ) ; φ = φ1 ∪ φ2 & |φ| 6= |φ2| & |φ| 6= |φ1|

Hence one can do without finiteness constraints

in the ∆ V ∆̂ translation,

and still resort to at most two or three negative constraints.
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How far away
from decidability
does ∆̂ lie ?
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A decidable fragment of ZF with regularity axiom: MLSS

One can algorithmically test for satisfiability over sets any
conjunction of literals of the following forms [FOS80]:

x = y \ z , x = y ∩ z , x = y ∪ z ,
x 6= y , x ⊆ y , x * y ,
x = ∅ , x = { y } ,

x ∈ y , x /∈ y
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A hybrid unquantified language [COP01, pp. 307–313]

By combining MLSS with the unquantified sublanguage of
Presburger’s additive arithmetic [Pre30], one does not disrupt
decidability. In its most essential form, the problem at hand is the
one of satisfying conjunctions of equations of the forms

∅ = y ∩ z h = | x |

x = y ∪ z h = i + j

x = { y } h = 1

over hereditarily finite sets and natural numbers.

Hence:∥∥∥∥∥∥
‘Main’ culprit of undecidability, in what precedes, is:
Cartesian × / Cartesian squaring / card. squaring
when paired with equinumerosity
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Dropping “equinumerosity” and “finitude”

By dropping from the the language of ∆̂ the “equinumerosity” and
the “finitude” constraints, one obtains the language MLSS×:

= ∪ union ( dyadic operation )
= × Cartesian product ( dyadic operation )
∩ = ∅ disointness ( dyadic relation )
= { } singleton formation ( monadic operation )
6= ∅ non-emptyness ( property )

(By replacing the operator × in MLSS× by the weakened operator
⊗, one obtains the language MLSS⊗.)

Using the formative processes approach (cf. [CU18]),
Cantone & Ursino are currently well under way in proving that
the set-theoretic satisfiability problem for MLSS⊗ is solvable.
It is expected that the satisfiability problem for MLSS× will turn out
to be solvable as well, much by the same approach.

D. Cantone, E. G. Omodeo, and M. Panettiere Unsolvable cases of the Entscheidungsproblem for ZF 21/47



Dropping “equinumerosity” and “finitude”

By dropping from the the language of ∆̂ the “equinumerosity” and
the “finitude” constraints, one obtains the language MLSS×:

= ∪ union ( dyadic operation )
= × Cartesian product ( dyadic operation )
∩ = ∅ disointness ( dyadic relation )
= { } singleton formation ( monadic operation )
6= ∅ non-emptyness ( property )

(By replacing the operator × in MLSS× by the weakened operator
⊗, one obtains the language MLSS⊗.)

Using the formative processes approach (cf. [CU18]),
Cantone & Ursino are currently well under way in proving that
the set-theoretic satisfiability problem for MLSS⊗ is solvable.
It is expected that the satisfiability problem for MLSS× will turn out
to be solvable as well, much by the same approach.

D. Cantone, E. G. Omodeo, and M. Panettiere Unsolvable cases of the Entscheidungsproblem for ZF 21/47



Dropping “equinumerosity” and “finitude”

By dropping from the the language of ∆̂ the “equinumerosity” and
the “finitude” constraints, one obtains the language MLSS×:

= ∪ union ( dyadic operation )
= × Cartesian product ( dyadic operation )
∩ = ∅ disointness ( dyadic relation )
= { } singleton formation ( monadic operation )
6= ∅ non-emptyness ( property )

(By replacing the operator × in MLSS× by the weakened operator
⊗, one obtains the language MLSS⊗.)

Using the formative processes approach (cf. [CU18]),
Cantone & Ursino are currently well under way in proving that
the set-theoretic satisfiability problem for MLSS⊗ is solvable.
It is expected that the satisfiability problem for MLSS× will turn out
to be solvable as well, much by the same approach.

D. Cantone, E. G. Omodeo, and M. Panettiere Unsolvable cases of the Entscheidungsproblem for ZF 21/47



(∀∃)0-recasting of our un-
decidable fragments of ZF
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Syntactic Occam’s razor and its counterbalance

Henceforth, we expunge from primitive constructs all constants
(such as ∅ and N) and all function symbols (such as ∪, ∩, ⊗, | |).
Only ∈ and = are retained as primitive relators. All other needed
constructs must be specified as handy shortening devices.

Definition
We dub (∀∃)0-formula any conjunction Φ of the form

M∧
j=0

(∀yj1 ∈ y ′
j1) · · · (∀yjpj ∈ y ′

jpj
) (∃xj1 ∈ x ′

j1) · · · (∃xjqj ∈ x ′
jqj
)ϕj

where, for each j , the formula ϕj is devoid of quantifiers and either
pj > 0, qj > 0 or pj = qj = 0 holds.

Universal and existential bounded quantifiers

(∀ x ∈ y)ϕ ↔Def (∀ x)(x ∈ y → ϕ) ;

(∃ x ∈ y)ϕ ↔Def (∃ x)(x ∈ y &ϕ) .
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(∀∃)0 specs
Definition
We dub (∀∃)0 specification of an m-place relationship R over sets
a (∀∃)0 formula Φ such that, under the axioms of set theory
( to wit, ZF with regularity and global choice ), one can prove:

R(a1, . . . , am) ↔ (∃ x1 , . . . , xκ) Φ(a1, . . . , am, x1, . . . , xκ) .

Example
The right-hand sides of

a = b \ c ↔ (∀t ∈ a)(t ∈ b & t /∈ c) & (∀t ∈ b)(t ∈ c ∨ t ∈ a) ,

Sngl(a) ↔ (∃ x)
(
x ∈ a & (∀y ∈ a) y = x

)
are (∀∃)0 specifications of the 3-place relationship a = b \ c and,
respectively, of the property “being a singleton set”.
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Can (∀∃)0 specs compete with the definition

mechanisms of a full-fledged set theory ?

P(S) =Def { y : y ⊆ S }

∪S =Def { y : x ∈ S , y ∈ x }

Finite (F ) ↔Def

(
∀ g ∈ P(P(F )) \ {∅ } | ( ∃m | g ∩ P(m) = {m}

))
HerFin (F ) ↔Def Finite (F ) &

(
∀ x ∈ F | HerFin (x)

)
I+ =Def I ∪ { I }

nat(I , S) =Def arb
({

nat+(j,S) : j ∈ I| I = { j } ∩ S
})

N =Def { nat(i , s∞) : i ∈ s∞ }

Trans(T ) ↔Def T ⊇ ∪T
Ord(O) ↔Def Trans(O) &

(
∀ x ∈ O , y ∈ O \ { x } | x ∈ y ∨ y ∈ x

)
rank (x) =Def ∪

{
rank+(y) : y ∈ x

}
Figure:
ÆtnaNova definitions can rely on: set abstraction terms, ∈-recursion,
a global choice operator arb , a constant s∞ designating an infinite set
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Plain (∀∃)0 specs

Specifying basic properties or relations in the (∀∃)0 format tends to
be unwildy or even undoable, but some straightforward cases exist:

T ∩ S = ∅ ↔ ( ∀ x ∈ T ) x /∈ S

T ⊇ ∪S ↔ ( ∀ x ∈ S ) (∀ y ∈ x) y ∈ T

T ⊆ ∪S ↔ ( ∀ x ∈ T ) (∃ y ∈ S) x ∈ y

Mapw (M) ↔ ( ∀ p ∈ M )(∀x1, x2, x3 ∈ p)( x1 = x2 ∨ x2 = x3 ∨ x1 = x3 )

Ord(O) ↔ O ⊇ ∪O &

( ∀ x ∈ O ) (∀ y ∈ O )( x ∈ y ∨ y ∈ x ∨ x = y )

LimOrd(L) ↔ ( ∃ a )
(
a ∈ L & Ord(L) & L ⊆ ∪L

)

Can we likewise specify that N is the least limit ordinal ?
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Slightly clumsier (∀∃)0 specs

1-1w (D , F , R ) ↔ Mapw (F ) & D ⊆ ∪F & R ⊆ ∪F & D ∩ R = ∅ &

( ∀ p , q ∈ F ) (∀w ∈ p ) (w ∈ q → p = q ) &

(∀ p ∈ F ) (∃ u ∈ D) (∃ v ∈ R) ( u ∈ p & v ∈ p )

| x | = | y | ↔ (∃ z , f , g )
(
1-1w ( z , f , x ) & 1-1w ( z , g , y )

)
| x | = | y |2 ↔ ( ∃ x ′ , y ′ , f , g )

(
1-1w ( x ′ , f , x ) & 1-1w ( y ′ , g , y )

& x ′ = y ⊗ y ′ )
Here ( since y ′ ∩ y = ∅ ), the constraint x ′ = y ⊗ y ′ is rewritable as:

Mapw (x
′) &

( ∀ p ∈ x ′ ) (∃ u ∈ y) (∃ v ∈ y ′) ( u ∈ p & v ∈ p ) &

( ∀u ∈ y ) ( ∀v ∈ y ′ ) ( ∃p ∈ x ′ ) ( u ∈ p & v ∈ p) .
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Two stressful (∀∃)0 specs

Z = N ↔ ( ∃ a , s )
(
(1) & · · · & (5)

)
(1) a ∈ Z & Ord(Z) & Mapw (s) ,
(2) (∀p ∈ s)(∃x , y ∈ p)

(
x ∈ y & y ∈ Z

)
,

(3) (∀p, q ∈ s)(∀x , y ∈ p)(∀y ′ ∈ q)
(
(x ∈ y & x ∈ y ′ & x ∈ q) → p = q

)
,

(4) (∀x ∈ Z)(∃p ∈ s)(∃y ∈ p)
(

x ∈ p & x ∈ y
)
,

(5) (∀y ∈ Z)(∀e ∈ y)(∃p ∈ s)(∃x ∈ p)
(

y ∈ p & x ∈ y
)
.

Z = N & HerFin(F ) ↔ ( ∃ a , s , t , h )
(
(1) & · · · & (5) & (1 ′) & · · · & (5 ′)

)
(1 ′) F ∈ t & Z /∈ t & t ⊇ ∪t & Mapw (h ) ,
(2 ′) (∀p ∈ h)(∃w ,m ∈ p)(∃x ∈ t)

(
x ∈ w & Z ∈ w & m ∈ a

)
,

(3 ′) (∀p ∈ h)(∀w ∈ p)(∀x1, x2 ∈ w)
(
Z ∈ w → x1 = x2∨x2 = Z∨x1 = Z

)
,

(4 ′) (∀p , q ∈ h)(∀v ∈ p)
(

v ∈ q → p = q
)
,

(5 ′) (∀x ∈ t)(∃p ∈ h)(∃w ∈ p)
(

x ∈ w & Z ∈ w
)
.
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A consequence of the preceding (∀∃)0-specifiability results

Corollary of CCP (Cantone–Cutello-Policriti, 1990 )∥∥∥∥When referred to (∀∃)0 formulae, the set-theoretic
satisfiability problem is algorithmically unsolvable.
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Validation by means of
a proof assistant of the
proposed (∀∃)0 specs
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Formal experiments with ÆtnaNova

In late 2019, the equivalence between the ‘official’ definitions of

equinumerosity, N , finitude,

and the corresponding (∀∃)0 specs has been formally proved, and
checked by means of the ÆtnaNova proof assistant (see [SCO11]).
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Formal experiments with ÆtnaNova — Basics

ÆtnaNova takes in input bodies of text, called scenarios, and
checks whether they constitute a valid sequence of definitions
and theorems. Proofs are sequences of statements of the form:

〈HINT〉 =⇒ 〈ASSERTION〉

Where the assertion is a first-order formula and the hint is one of
several inferential mechanism used to derive the former. Examples

of hints are:
ELEM— Elementary set theoretic reasoning.
Suppose_not — Starts a proof by contradiction.
Suppose — Opens a context in which the assertion is
supposed. Closed by Discharge statement.
(e1, . . . , en) ↪→ Stat — Replaces bound variables in the
statement Stat by terms e1, . . . , en.
Loc_def — Defines a symbol in the local context.
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Formal experiments with ÆtnaNova 1-1w maps

Under assumption that

1-1w (D,F ,R)

holds, the following basic results, along with some more technical
ones, have been proved and verified.

1-1w (R,F ,D)

D = ∅ ∨ R = ∅ → F = D = R = ∅
{a, b} ∈ F & a ∈ D & b ∈ R → 1-1w

(
D \ {a}, F \

{
{a, b}

}
, R \ {b}

)
x ∈ D → (

∃y ∈ R | {x , y } ∈ F
)

y ∈ R → (
∃x ∈ D | {x , y } ∈ F

)
* all ( seemingly ) free variables are universally quantified
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Formal experiments with ÆtnaNova — Example

In sight of showing the rightness of a specification of
equinumerosity, we had to prove three more claims
(henceforth referred to as TrestrQuant14a, TrestrQuant13,
and TrestrQuant14b):

1-1w
(
X ,
{{

a, {a,X ∪ Y }
}
: a ∈ X

}
, X ⊗ {X ∪ Y }

)
1-1w (D,G ,R) & F = {[u, v ] : p ∈ G , u ∈ p ∩D, v ∈ p ∩R} implies:

F is an injection from D onto R .

F is an injection from D onto R implies:
1-1w

(
D,
{{

x , {F x ,R ∪ D}
}
: x ∈ D

}
,R ⊗ {R ∪ D}

)
In the ongoing, we will see that these three claims yield a
convenient (∀∃)0 specification of equinumerosity between sets.
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Formal experiments with ÆtnaNova — Example

The theorem claims that the following conditions imply each other:
1 (∃f | 1-1(f ) & domain(f ) = D & range(f ) = R)

2 (∃z , g , h | 1-1w (D, g , z) & 1-1w (R, h, z))

All proofs, in ÆtnaNova, are carried out by contradiction; hence
our first statement is:

Suppose_not(d0, r0) =⇒ AUTO

which negates the claim statement on D = d0 and R = r0.

We proceed by deriving (2) from (1) through the construction of
two unordered one-one maps g0 and h0 that map d0 and r0 to the
same set z0.
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Formal experiments with ÆtnaNova — Example

Suppose =⇒ Stat1: (∃f | 1-1(f ) & domain(f ) = d0 & range(f ) = r0) &

Stat2: (@z , g , h | 1-1w (d0, g , z) & 1-1w (r0, h, z))

f0 ↪→ Stat1 =⇒ 1-1(f0) & domain(f0) = d0 & range(f0) = r0
Loc_def =⇒ z0 = r0 ⊗ {r0 ∪ d0}

Loc_def =⇒ g0 =
{
{ x , { f0 x , r0 ∪ d0} } : x ∈ d0

}
Loc_def =⇒ h0 =

{
{ y , { y , r0 ∪ d0 } } : y ∈ r0

}
(r0, d0) ↪→ TrestrQuant14a =⇒ AUTO

(f0, d0, r0) ↪→ TrestrQuant14b =⇒ AUTO
EQUAL =⇒ 1-1w (r0, h0, z0) & 1-1w (d0, g0, z0)

(z0, g0, h0) ↪→ Stat2 =⇒ false

Discharge =⇒ Stat3: (∃z , g , h | 1-1w (d0, g , z) & 1-1w (r0, h, z)) &

Stat4: (@f | 1-1(f ) & domain(f ) = d0 & range(f ) = r0)
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Formal experiments with ÆtnaNova — Example

Next we must prove the implication (2) → (1) (Stat3 amounts to
its negation); by instantiation of the existential variables, we get:

(z1, g1, g2) ↪→ Stat3 =⇒ 1-1w (d0, g1, z1) & 1-1w (r0, g2, z1)

Since domain and range of unordered bijections commute
(TunrdOneOne_2), we get:

(r0, g2, z1) ↪→ TunrdOneOne_2 =⇒ 1-1w (z1, g2, r0)

We now put:

Loc_def =⇒ f1 =
{
[u, v ] : p ∈ g1, u ∈ p ∩ d0, v ∈ p ∩ z1

}
&

f2 =
{
[u, v ] : p ∈ g2, u ∈ p ∩ z1, v ∈ p ∩ r0

}
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Formal experiments with ÆtnaNova — Example

By one of the lemmas—recalled above—on weak bijections
between disjoint sets, we have:

(d0, g1, z1, f1) ↪→ TrestrQuant13 =⇒ 1-1(f1) & domain(f1) = d0 &

range(f1) = z1
(z1, g2, r0, f2) ↪→ TrestrQuant13 =⇒ 1-1(f2) & domain(f2) = z1 &

range(f2) = r0

Since the map product of two bijections is a bijection
(Tcomposition_3) with the domain of the second and range of the
first (Tcomposition_5a), we readily get the sought contradiction:

(f2, f1) ↪→ Tcomposition_3 =⇒ 1-1(f2 ◦ f1)
(f1, f2) ↪→ Tcomposition_5a =⇒ domain(f2 ◦ f1) = d0 &

range(f2 ◦ f1) = r0
(f2 ◦ f1) ↪→ Stat4 =⇒ false

Discharge =⇒ QED
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Are there any deeper links
between set theory and
Diophantine arithmetic ?
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“ [· · · ] positive aspects of a negative solution” --I

“[· · · ] the translation of a theorem of the appropriate
form in some part of mathematics shows that the
corresponding Diophantine equation has no solution.
Hence whatever methods went into proving the theorem
can in fact be used to show that a particular
Diophantine equation has no solution. It is possible that
the same methods can be used to show that a class of
equations including perhaps an equation of interest in
itself are unsolvable.
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“ [· · · ] positive aspects of a negative solution” --II

Such an example providing a new tool for solving
Diophantine equations would be a considerable
breakthrough. In any case, any mathematical method
that has been used to prove a theorem of the appropriate
form has in fact been used to show that a particular
Diophantine equation has no solution. Thus all
mathematical methods can be tools in the theory of
Diophantine equations and perhaps we should consciously
attempt to exploit them. ” [DMR76]
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Can we do more along the directions
envisioned by [DMR76]? The quest is open. . .

It may be rewarding to:

translate back, into number theory, decidability results
regarding fragments of set theory;

mimic the proofs of DPR and of DPRM directly inside set
theory ( possibly making the techniques more transparent ).
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Replaceability of singleton by membership

In light of Kuratowski’s definition of the ordered pair, the members
of the Cartesian product y × z are precisely the sets of the form{

{t}, {t, t ′}
}
, with t ∈ y and t ′ ∈ z .

Hence—as we postulate that ∈ does not form cycles—the
equivalences

s = { t } ⇐⇒ ∃ d ∃ p
(
t ∈ s ∈ d ∈ p ∈ d × d & t ∈ d & s ∈ p

)
,

s = { t } ⇐⇒ ∃ d
(
t ∈ s ∈ d ∈ d ⊗ d & t ∈ d & s ∈ d ⊗ d

)
hold: they enable us to replace every equation of the form s = { t }

appearing in ∆̂ by a constraint conjoining either:

one eq’n of the form w = d × d with 6 membership literals; or

one eq’n of the form w = d ⊗ d with 5 membership literals.
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The Peg Solitaire puzzle and. . .

• • •
• • •

• • • • • • •
• • • ◦ • • •
• • • • • • •

• • •
• • •

Moves :

• • ◦ ; ◦ ◦ •
◦ • • ; • ◦ ◦

•
•
◦

;


◦
◦
•

◦
•
•

;


•
◦
◦

1 2 3
4 5 6

7 8 9 10 11 12 13
14 15 16 33 17 18 19
20 21 22 23 24 25 26

27 28 29
30 31 32

Figure: The Solo Noble gameboard and a numbering of its holes
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. . . how to specify the Peg Solitaire puzzle

Below is an MLS description of the moves yi1, yi2, yi3
(i = 1, . . . , 31) by which one can solve the classic puzzle
portrayed above:

x1 = { n1, . . . , n32 } & x32 = { n? }

&
∧32

m=1

(
xm+1 = xm \ { ym1, ym2 } ∪ { ym3 }

& ym3 /∈ xm & { ym1, { ym2 }, ym3 } ∈ z & nm+1 = nm ∪ {nm}
)

& z = {{n1, {n2}, n3}, . . . , {n16, {n33}, n17}, . . . , {n30, {n31}, n32},
{n1, {n4}, n9}, . . . , {n10, {n33}, n23}, . . . , {n24, {n29}, n32}}

& n1 = {∅ } .

Here the xm’s represent the successive configurations of the
gameboard, the nm’s represent consecutive natural numbers, and
z encodes the set of triples of adjacent holes on the board, from
which each move must be selected. The condition x32 = { n? }

expresses the goal of ending with exactly one hole occupied.
D. Cantone, E. G. Omodeo, and M. Panettiere Unsolvable cases of the Entscheidungsproblem for ZF 47/47


