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Hilbert's 10" problem and
how to ‘flatten’ its instances
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HILBERT’S 1022 PROBLEM ( 1900 )

Given: a Diophantine eq.
D(x1y.euyxm) = 0 > | Algorithmic
decider

®

—> vyes/no

otk

Scheme of a hypothetical solver for the 102 problem. The answer:
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HILBERT’S 1022 PROBLEM ( 1900 )

Given: a Diophantine eq.
D(x1y.euyxm) = 0 > | Algorithmic
decider

®

—> vyes/no

Scheme of a hypothetical solver for the 10t problem. The answer:

“no" should indicate that there exist no solutions;
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HILBERT’S 1022 PROBLEM ( 1900 )

Given: a Diophantine eq.
D(x1y.euyxm) = 0 > | Algorithmic
decider

®

—> vyes/no

otk

Scheme of a hypothetical solver for the 102 problem. The answer:

“yes" should indicate that the equation has at least one solution

X1 = Vi

Xm = Vm

where each v; is an ( positive, negative, or null ).
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AN ADAPTATION OF HILBERT'S 102 PROBLEM TO N

Establishing whether or not, any given equation
D(Xl,...,Xm) =0 y

( where D is a polynomial with coefficients in Z ),
admits a solution

(%) in 7Z

@ in N

are problems translatable into each other.

This presentation will | refer H10 to N|
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LIMITING RESULT BY DAVIS-PUTNAM-ROBINSON-MATIYASEVICH

THEOREM DPRM ( 1970 )

Hilbert's problem H10 is algorithmically unsolvable
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FLATTENING INSTANCES OF H10 INTO SPECIAL LOW-DEGREE SYSTEMS

Consider a polynomial Diophantine equation
D(Xl,...,Xm) =0

to be solved in N. By pulling out subterms of the polynomial D, we
can flatten this equation into a system (=conjunction) of equations
of the forms

X = y+z, x = y-z, x =1, x =y

The equisolvability between the system A
thus obtained and the equation given at the outset will be obvious.
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FLATTENING INSTANCES OF H10 INTO SPECIAL LOW-DEGREE SYSTEMS

Consider a polynomial Diophantine equation
D(Xl,...,Xm) =0

to be solved in N. By pulling out subterms of the polynomial D, we
can flatten this equation into a system (=conjunction) of equations
of the forms

X = y+z, X = Y-z, X:]-> X =Y,

where x, y, z stand for variables, to be regarded—the new ones as
well as the original ones, x1 ,..., x,,—as unknowns in N. We will
manage that x, y, z are distinct when they appear in the same
equation x = y x z. The equisolvability between the system A
thus obtained and the equation given at the outset will be obvious.
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BEXAMPLE OF HOW TO FLATTEN A DIOPHANTINE EQ.

The equation®
453 —2x2x3-32x +5x3 =0

in 3 unknowns can be flattened into the following system in 22
unknowns ( 19 are ‘temporaries’ ):

o = 1, o0 = o , u = o+o,
p1 = uUx-X1, p2 = Pp1-X1, pP3 = p2- X1,
q = ux-x2, Q2 = q1+Xx2, 3 = Qg2 -x2,
51 = X3 ) 2 = 51°X3, 53 = 52°X3,
n = s1+x3, = n+xs, = n+nr,
th = p3-q1, tr = p2-s3, 3 = g3-X1,

w = t1+n, w = bh+4+t3.

TCf. [Mat93, p. 4]
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BEXAMPLE OF HOW TO FLATTEN A DIOPHANTINE EQ.

The equation®
453 —2x2x3-32x +5x3 =0

in 3 unknowns can be flattened into the following system in 25
unknowns ( 22 are ‘temporaries’ ):

¢ = G+, G = G+, G = C+0,

op = o+, u = o+o1,
o # (, of = o+¢, o = o101,
p1 = uUx-X1, p2 = Pp1-X1, p3 = p2- X1,
q = ux-x2, Q2 = q1+Xx2, 3 = q2-x2,
s1 = x3+C, S = 5-°X3, 3 = $-°X3,
n = s1+x3, = n+x3, = n+nr,
th = p3-q1, tr = p2-s3, 3 = g3-X1,

w = t1+n, w = bh+t3.

TCf. [Mat93, p. 4]
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TRICK TO AVOID EQUATIONS BETWEEN VARIABLES

We have just seen how to eliminate equations of the form x = y
(‘with x, y distinct var's ) during flattening, thanks to a new var. (
which ( in concert with others ) gets the value 0. To enforce this,
three constraints suffice:
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TRICK TO AVOID EQUATIONS BETWEEN VARIABLES

We have just seen how to eliminate equations of the form x = y
(with x, y distinct var's ) during flattening, thanks to a new var. (

which ( in concert with others ) gets the value 0. To enforce this,
three constraints suffice:

¢ = G+&, G = Ge+¢ G = (+a,

( < &4 £ @ ¢ . =04 =10=20

FIGURE: The three variables ¢, (1, (, are thus forced to take the value 0
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How TO EMPLOY SQUARING INSTEAD OF PRODUCT

We can also rewrite each equation of the form
X=y-z

as a system involving only squaring and addition. In fact we can
replace it, in light of the identity

h
a 2 2 2
y-2)+y-2)+ vy + 22 = (y+2)°,
S~ S~ N T —
X x'! f P

by the following equations:
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How TO EMPLOY SQUARING INSTEAD OF PRODUCT

We can also rewrite each equation of the form
X=y-z

as a system involving only squaring and addition. In fact we can

replace it, in light of the identity
h
‘ k \ 2 2 2
y-2)+ly-2)+y +2 = (y+2)°,
~~ ~ N~ ——
X X/ f g P
by the following equations:

g=k+h,
k=x+x", x'=x+¢,
h=f+g, f=y2, g =22,

p=y+z, q=p*,

where 7, g, h, k, p, g and x’ are new and, as before, { = 0.
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From Hilbert's 10*® problem to
undecidable fragments of ZF
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FROM ARITHMETIC TO SET THEORY

A
From A (a flat Diophantine system ) we'll get a conjunction, A
of set-theoretic constraints of the forms:

- U - | union ( dyadic operation )

- = . x - | Cartesian product ( dyadic operation )
- N .= o | disointness ( dyadic relation )

|-] = |:] | equinumerosity (dyadic relation)
Finite (-) | finitude ( property )
- = {.} | singleton formation ( monadic operation )
- # @ | non-emptyness ( property )

|-] # || | non-equinumerosity ( dyadic relation )
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FROM ARITHMETIC TO SET THEORY

N
From A (a flat Diophantine system ) we'll get a conjunction, A
of set-theoretic constraints of the forms:

= . U - | union ( dyadic operation )
- = . x - | Cartesian product ( dyadic operation )
- N .= o | disointness ( dyadic relation )
|-] = |:] | equinumerosity (dyadic relation)
Finite (-) | finitude ( property )
- = {.} | singleton formation ( monadic operation )
- # @ | non-emptyness ( property )
|-] # || | non-equinumerosity ( dyadic relation )

Here, in light of the replaceability of multiplication by the squaring
operation ( as pointed out above ), we might only employ Cartesian
square y X y, without ever resorting to the product y x z with

y distinct from z.

D. Cantone, E. G. Omodeo, and M. Panettiere Unsolvable cases of the Entscheidungsproblem for ZF 12/47



SET-THEORETIC REPR OF A FLAT DIOPHANTINE SYS A

Translate each conjunct of A, on the basis of its form:

x=y+z = I x|=luy | &uy,=yUz
( where vy, . is a new var. );

X=y-z = Ix|=lwy .| &w,,=yxz
( where w, . is a new var. );

0o = 1 9 0o = {-}
(" either new or the same as ( ).

By also adding the constraint
e y Nz =g for each pair y, z of distinct var's in A,
o Finite (v ) for each variable v occurring in A,

we get the set-theoretic counterpart, A, of A.
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SET-THEORETIC REPR OF A FLAT DIOPHANTINE SYS A

Translate each conjunct of A, on the basis of its form:

x=y+z = I x|=luy | &uy,=yUz
( where vy, . is a new var. );

X=y-z = Ix|=lwy .| &w,,=yxz
( where w, . is a new var. );

0#¢( = either o AT or|o| #|(].

By also adding the constraint
e y Nz =g for each pair y, z of distinct var's in A,
o Finite (v ) for each variable v occurring in A,

we get the set-theoretic counterpart, A, of A.
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NS
HIDELITY OF THE SET-THEOR. TRANSLATION A = A

If A has a solution v — v over sets, then it is plain that by
restricting the function v — |v| to the unknowns of A we will get a
solution to A in N.
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NS
HIDELITY OF THE SET-THEOR. TRANSLATION A = A

If A has a solution v — v over sets, then it is plain that by
restricting the function v — |v| to the unknowns of A we will get a
solution to A in N.

Conversely, suppose that v — v is a solution to A in N. Let us fix
an order vi,...,v¢ of the distinct variables of A, and put

- i—1
Vi o {ijovj,... 1+ZJOVJ}

for i =0,...,¢ so that the sets vy,..., v, are p.w. disjoint and
each of them satisfies [v;| = v;. Then put, for the variables v, .
and w, . :

u,, = yuz, Wy,=YyXZ;

we will thus get a hereditarily finite solution v — v for A
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COROLLARY: ALGORITHMIC UNSOLVABILITY OF SET-THEOR. SATISFIABILITY

The equisatisfiability between A and A, just seen, along with the
DPRM theorem, gives us:

THEOREM CCP ( CANTONE-CUTELLO-POLICRITI, 1990 )

When referred to conjunctions of constraints of the
forms shown in the previous table, the set-theoretic
satisfiability problem is algorithmically unsolvable.

REMARK ( ONE MAY PREFER TO AVOID CARTESIAN PRODUCT )

If one, while building a flat A in arithmetic, uses squaring instead
of product, then the conjuncts of A which involve x can be
superseded by literals of the form |-| = |-[?, via the translation

2
x =y = Ix| = IyP.
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REFINEMENTS: ALGORITHMIC UNSOLVABILITY OF SET-THEOR. SATISFIABILITY

REMARK ( CARTESIAN PRODUCT CAN BE WEAKENED )

The role of x can be superseded, in the reduction of H10
to sets, by the following weaker operation:

YRz =pg {{u,v}: uey, VEZ} .
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REFINEMENTS: ALGORITHMIC UNSOLVABILITY OF SET-THEOR. SATISFIABILITY

REMARK ( ONE NEGATIVE CONSTRAINT SUFFICES )

Altogether, at most one constraint of any of the three forms

o ={}, o # @, o] # |l

is needed to ensure the set-theoretic analogue of DPRM.
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REFINEMENTS: ALGORITHMIC UNSOLVABILITY OF SET-THEOR. SATISFIABILITY

REMARK ( ONE NEGATIVE CONSTRAINT SUFFICES )

Altogether, at most one constraint of any of the three forms
o = {'}) o 7é g, |O| 7é |C|
is needed to ensure the set-theoretic analogue of DPRM.

Instead of any of those, one could exploit € . E.g.:

0={l} ™ (€o& |o|=|of
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FINITUDE VS NEGATIVE CONSTRAINTS

REMARK ( ONE FINITENESS CONSTRAINT SUFFICES )

AL, Finite (v;) ™ Finite(¢) & A, & 2Dv;
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FINITUDE VS NEGATIVE CONSTRAINTS

REMARK ( ONE FINITENESS CONSTRAINT SUFFICES )

Ai_; Finite (v;) ™ Finite (¢) & Al (o
:v,-Uv,{)

W.l.0.g., we may require that this finite ‘container’ ¢ be at least

DOUBLETON:

Finite (d) ™ b =1 Uds & || #|ba] & [b] # |1l
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FINITUDE VS NEGATIVE CONSTRAINTS

REMARK ( ONE FINITENESS CONSTRAINT SUFFICES )

AL, Finite (v;) ™ Finite(¢) & A, & 2Dv;

W.l.0.g., we may require that this finite ‘container’ ¢ be at least
SINGLETON:

Finite (d) ™ d=d1Uds & do={-1 & |b]# b1l
DOUBLETON:

Finite (d) ™ b =1 Uds & || #|ba] & [b] # |1l

Hence one can do without finiteness constraints
inthe A = A translation,

and still resort to at most two or three negative constraints.
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How far away
from decidability
does A lie ?
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A DECIDABLE FRAGMENT OF ZF WITH REGULARITY AXIOM:

One can algorithmically test for satisfiability over sets any
conjunction of literals of the following forms [FOS80]:

x=y\z, x=yNz, x=yUz,

x#y, xCy, xZLy,
X =, x={y},
xX€ey, x¢&y
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A HYBRID UNQUANTIFIED LANGUAGE [COPO1, pp. 307-313]

By combining MLSS with the unquantified sublanguage of
Presburger’s additive arithmetic [Pre30], one ‘ does not disrupt‘
decidability. In its most essential form, the problem at hand is the
one of satisfying conjunctions of equations of the forms

g = ynz h = |x|
x = yUz h = i+j
x = {y} h = 1

over hereditarily finite sets and natural numbers.
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A HYBRID UNQUANTIFIED LANGUAGE [COPO1, pp. 307-313]

By combining MLSS with the unquantified sublanguage of
Presburger’s additive arithmetic [Pre30], one ‘ does not disrupt‘
decidability. In its most essential form, the problem at hand is the
one of satisfying conjunctions of equations of the forms

g = ynz h = |x|
x = yUz h = i+j
x = {y} h = 1

over hereditarily finite sets and natural numbers.

Hence:
‘Main’ culprit of undecidability, in what precedes, is:
Cartesian x / Cartesian squaring / card. squaring
when paired with equinumerosity
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DROPPING “EQUINUMEROSITY” AND “FINITUDE”

A
By dropping from the the language of A the “equinumerosity” and
the “finitude” constraints, one obtains the language MLSSX:

- = .U~ | union ( dyadic operation )
. = . x - | Cartesian product ( dyadic operation )
- N -=o | disointness ( dyadic relation )
- = {-} | singleton formation ( monadic operation )
- # @ | non-emptyness ( property )
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DROPPING “EQUINUMEROSITY” AND “FINITUDE”

A
By dropping from the the language of A the “equinumerosity” and
the “finitude” constraints, one obtains the language MLSSX:

- = .U~ | union ( dyadic operation )
« =« x « | Cartesian product ( dyadic operation )
- N -=o | disointness ( dyadic relation )
- = {-} | singleton formation ( monadic operation )
- # @ | non-emptyness ( property )

(By replacing the operator x in MLSSX by the weakened operator
@, one obtains the language MLSS®.)
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DROPPING “EQUINUMEROSITY” AND “FINITUDE”

A
By dropping from the the language of A the “equinumerosity” and
the “finitude” constraints, one obtains the language MLSSX:

- = .U~ | union ( dyadic operation )
. = . x - | Cartesian product ( dyadic operation )
- N -=o | disointness ( dyadic relation )
- = {-} | singleton formation ( monadic operation )
- # @ | non-emptyness ( property )

(By replacing the operator x in MLSSX by the weakened operator
@, one obtains the language MLSS®.)

Using the formative processes approach (cf. [CU18]),

Cantone & Ursino are currently well under way in proving that

the set-theoretic satisfiability problem for MLSS® is solvable.

It is expected that the satisfiability problem for MLSSx will turn out
to be solvable as well, much by the same approach.

D. Cantone, E. G. Omodeo, and M. Panettiere Unsolvable cases of the Entscheidungsproblem for ZF 21/47



(V3)o-recasting of our
decidable fragments of ZF
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SYNTACTIC Occam’s razor AND ITS COUNTERBALANCE

Henceforth, we expunge from primitive constructs all constants
(such as @ and N) and all function symbols (such as U, N, ®, |-]).
Only € and = are retained as primitive relators. All other needed
constructs must be specified as handy shortening devices.
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SYNTACTIC Occam’s razor AND ITS COUNTERBALANCE

Henceforth, we expunge from primitive constructs all constants
(such as @ and N) and all function symbols (such as U, N, ®, |-]).
Only € and = are retained as primitive relators. All other needed
constructs must be specified as handy shortening devices.

UNIVERSAL AND EXISTENTIAL bounded quantifiers

(Vxeyle pe (VX)xey — @)
Axeyle pe Bx)xeyso).
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SYNTACTIC Occam’s razor AND ITS COUNTERBALANCE

DEFINITION

We dub (V3)g-formula any conjunction @ of the form
M
/\ Yy € yi1) -+ (Vg € yi) (31 € Xi1) -+ - (Bxig; € X5) @

where, for each j, the formula @; is devoid of quantifiers and either
p; >0, gi = 0 or pj = q; = 0 holds.
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(V) SPECS

DEFINITION

We dub (V3)q specification of an m-place relationship R over sets
a (V3)o formula @ such that, under the axioms of set theory
( to wit, ZF with regularity and global choice ), one can prove:

R(aiy...,am) — (Ix1 0oy Xe) P(A1yeeey@myXiyonnyXic) -

EXAMPLE
The right-hand sides of

|

a=b\c & (Vtea)(ftebatéc)a(Vteb)(tecvitea),
Sngl(a) (EIX)(XGa&(VyGa)y:x)

are (V) specifications of the 3-place relationship 2 = b\ ¢ and,

respectively, of the property “being a singleton set”.

\
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CAN (V3d)p SPECS compete WITH THE DEFINITION

MECHANISMS OF A FULL-FLEDGED SET THEORY 7

P(S) =ps {y:yCS}
US  =per {y'XES,yEX}
Finite (F) e (Vg € P(P(F)\{2} | (3mIgnP(m)={m}))
HerFin (F) ¢ Finite(F) & (Vx € F | HerFin (x))
I = TU{l}
nat(1,S)  =pu arb({ nat*(,S) : j el | |:{j}ms})
N =4 {nat(i,se) : 1 €50}
Trans(T) pe T2UT
Ord(0) tpy Trans(0) & (Vx€ O, y e O\{x} | xey v yex)

rank (x)  =ps U{rank"(y):yex}

FIGURE:
/EtnaNova definitions can rely on: set abstraction terms, €-recursion,

a global choice operator arb, a constant s., designating an infinite set
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PLAIN (Vd)y SPECS

Specifying basic properties or relations in the (V3)g format tends to
be unwildy or even undoable, but some straightforward cases exist:

TNS=g « (VxeT)x¢Ss

TOUS & (VxeS)(Vyex)yeT

TCUS &« (VxeT)@dyeS)xey

Map,, (M) < (Vpe M)(Vxi,x2,x3 €Ep)(x1 =X VX2 =x3V X =Xx3)
Ord(0) < O02UO &

(VxeO)(VyeO)xey Vyex Vv x=y)
LimOrd(L) (EIa)(aeL&Ord(L) &LgUL)

Can we likewise specify that N is the least limit ordinal 7
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SLIGHTLY CLUMSIER (Vd)y SPECS

1-1,(D, F, R) & Map,(F) &« DCUF &« RCUFe& &

(Vp,geF)(Vwep)(weqg = p=q) &
(VpeF)(dueD)(dveR)(uep & vep)

x| =yl & (3z, f)g)(l‘]-w(z) fyx) &1'1W(Z)g))/))

|X|:|Y|2H(ElX/)y/af)g)(l']-w(xlaf)x) &L-1,(y" g, y)
& X'=yoy )

Here ( since y' Ny = & ), the constraint x’ = y ® y’ is rewritable as:
Map,, (x') &

(Vpex)(Juey)(Ivey)(uep & vep)k
(Vuey)(Vvey )(Ipex')(uep & vep)
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TWO STRESSFUL (Vd)y SPECS

z=N (Ela,s)((l)&-~&(5))

(1) aez & Ord(z) & Map,(s),

2) (Vpes)Ex,yep)( xcyayez ),

3) (Vpyges)(Vxyep) Wy eq)((xcyexey exeq) = p=q),
4) (Vxez)3pes)Fyep)( xep & xey ),

(5) (Vyez)(VeEy)(ElpEs)(EIpr)( YEP & XEYy )
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TWO STRESSFUL (Vd)y SPECS

z=N (Ela,s)((l)&-~&(5))

(1) aez & Ord(z) & Map,(s),

2) (Vpes)Ex,yep)( xcyayez ),

3) (Vpyges)(Vxyep) Wy eq)((xcyexey exeq) = p=q),
4) (Vxez)3pes)Fyep)( xep & xey ),

(5) (Vyez)(VeEy)(ElpEs)(EIpr)( YEP & XEYy )

z=NgHerFin(F) < (Ja,s,t, h) ()& - &(B)&(l)& - &(5))

/

Fet & z¢t & t2oUt & Map,(h),
(Vth)(EIW,mGp)(EIXEt)( XEW & ZEW & mMEa )
(Vp e h)(Vw € p)(Vx, 2 € W) (2 Ew — X1 =XVxo = 2Vx = Z)
(Vp, geh)(Wwep)( veq — p=q ),
(Vxet)Fpeh(@wep)( xew & zew ).

<~

!

~

(1)
(2)
(3
(47)
(5"
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A CONSEQUENCE OF THE PRECEDING (V3)o-SPECIFIABILITY RESULTS

CorOLLARY OF CCP ( CANTONE-CUTELLO-POLICRITI, 1990 )

When referred to (V3)o formulae, the set-theoretic
satisfiability problem is algorithmically unsolvable.

D. Cantone, E. G. Omodeo, and M. Panettiere Unsolvable cases of the Entscheidungsproblem for ZF 29/47



Validation by means of
a proof assistant of the
proposed (Vd)q specs
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FORMAL EXPERIMENTS WITH AtnaNova

In late 2019, the equivalence between the ‘official’ definitions of
equinumerosity, N, finitude,

and the corresponding (V3)q specs has been formally proved, and
checked by means of the AtnaNova proof assistant (see [SCO11]).
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FORMAL EXPERIMENTS WITH AtnaNova — BaAsics

/tnaNova takes in input bodies of text, called scenarios, and
checks whether they constitute a valid sequence of definitions
and theorems. Proofs are sequences of statements of the form:

(HINT) => (ASSERTION)

Where the assertion is a first-order formula and the hint is one of
several inferential mechanism used to derive the former. Examples
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FORMAL EXPERIMENTS WITH AtnaNova — BaAsics

/tnaNova takes in input bodies of text, called scenarios, and
checks whether they constitute a valid sequence of definitions
and theorems. Proofs are sequences of statements of the form:

(HINT) => (ASSERTION)

Where the assertion is a first-order formula and the hint is one of
several inferential mechanism used to derive the former. Examples
of hints are:

o ELEM — Elementary set theoretic reasoning.

@ Suppose not— Starts a proof by contradiction.

@ Suppose — Opens a context in which the assertion is
supposed. Closed by Discharge statement.

o (e1,...,e,) — Stat — Replaces bound variables in the
statement Stat by terms ey, ..., e,.

e Loc def — Defines a symbol in the local context.
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FORMAL EXPERIMENTS WITH /AtnaNova 1-1,, MAPS

Under assumption that
1-1, (D, F, R)

holds, the following basic results, along with some more technical
ones, have been proved and verified.

1-1,(R,F,D)

D=0v R=0 — F=D=R=10
{aypfe FeacDe&beR — 11,(D\{a} F\{{a b}}, R\{b})
xeDh — (EIyER|{X,y}EF)
yeR — (EIX€D|{x,y}€F)

* all ( seemingly ) free variables are universally quantified
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FORMAL EXPERIMENTS WITH AtnaNova — EXAMPLE

In sight of showing the rightness of a specification of
equinumerosity, we had to prove three more claims
(henceforth referred to as TrestrQuantl4a, TrestrQuant13,
and TrestrQuant14b):

L1, (X, {{a{a,XUY}}rae X}, X@{XUY})

1-1,(D,G,R) & F ={lu,v]l: p€ G,u e pnD,v € pn R} implies:
F is an injection from D onto R.

F is an injection from D onto R implies:
1-1, (D, {{x,{F x,RUD}} : x € D}, R®{RU D})

In the ongoing, we will see that these three claims yield a
convenient (V3)q specification of equinumerosity between sets.
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FORMAL EXPERIMENTS WITH AtnaNova — EXAMPLE

The theorem claims that the following conditions imply each other:
Q@ (3f | 1-1(f) & domain(f) =D & range(f) = R)
Q@ (3z,g,h | 1-1,(D,g,z) & 1-1,(R,h,z))
All proofs, in /tnaNova, are carried out by contradiction; hence
our first statement is:

Suppose not(dp, rp) = AUTO

which negates the claim statement on D = dy and R = rp.

We proceed by deriving (2) from (1) through the construction of
two unordered one-one maps gp and hp that map dy and ry to the
same set Zzg.
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FORMAL EXPERIMENTS WITH AtnaNova — EXAMPLE

Suppose — Statl: (3If | 1-1(f) & domain(f) = dy & range(f) =) &
Stat2: (ﬂz)g,h I 1‘1W(d0)g)z) & 1—1W(r0,h,z))

fo = Statl = 1-1(fy) & domain(fy) = dy & range(fy) = ro
Loc_def = zg=rp®{nUdy}
Loc def = gO:{{x,{fbx,rOUdo}}:Xedo}
Loc_def = hy={{y{y,nUdo}}:y€n}

(ro, dp) < TrestrQuantida — AUTO
(fo, do, ro) < TrestrQuant14b — AUTO
EQUAL = 1-1(r0, hoy 20) & 1-1,(do, g0, 20)
(z0, g0y ho) < Stat2 = false

Discharge = Stat3: (dz,g,h | 1-1,(do,g,2) & 1-1,(r0, h,2)) &
Stat4: (Af | 1-1(f) & domain(f) = dy & range(f)

o)
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FORMAL EXPERIMENTS WITH AtnaNova — EXAMPLE

Next we must prove the implication (2) — (1) (Stat3 amounts to
its negation); by instantiation of the existential variables, we get:

(z1,81,8) — Stat3 = 1-1,(do, g1,21) & 1-1,(r0,82,21)

Since domain and range of unordered bijections commute
(TunrdOneOne_2), we get:

(roy &2y z1) < TunrdOneOne_2 — 1-1,(z1,42, )
We now put:

Loc_def = f={lu,vl:peg,ucpndyvepnza}le
fzz{[u,v]:pegz,uepﬂzl,VEpﬁro}
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FORMAL EXPERIMENTS WITH AtnaNova — EXAMPLE

By one of the lemmas—recalled above—on weak bijections
between disjoint sets, we have:

(do, g1,21,f1) < TrestrQuant13 — 1-1(f1) &domain(fi) = dp &
range(f1) = z1

(z1, g0, 0y o) < TrestrQuantli3 =— 1-1(/) &domain(H) = 71 &
range(f>) = ry

Since the map product of two bijections is a bijection
(Tcomposition_3) with the domain of the second and range of the
first (Tcomposition_5a), we readily get the sought contradiction:

(2, f1) < Tcomposition_.3 =— 1-1(Hof)
(f,f) < Tcomposition_5a = domain(fof)=dy&
range(f, o f1) =y
(f0f) < Statd — false
Discharge — QED
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Are there any deeper links
between set theory and
Diophantine arithmetic ?
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“[. - -] positive aspects of a negative solution”

“[- - -] the translation of a theorem of the appropriate
form in some part of mathematics shows that the
corresponding Diophantine equation has no solution.
Hence whatever methods went into proving the theorem
can in fact be used to show that a particular
Diophantine equation has no solution. It is possible that
the same methods can be used to show that a class of
equations including perhaps an equation of interest in
itself are unsolvable.
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“[. - -] positive aspects of a negative solution”

Such an example providing a new tool for solving
Diophantine equations would be a considerable
breakthrough. In any case, any mathematical method
that has been used to prove a theorem of the appropriate
form has in fact been used to show that a particular
Diophantine equation has no solution. Thus all
mathematical methods can be tools in the theory of
Diophantine equations and perhaps we should consciously
attempt to exploit them. " [DMR76]

& &
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CAN WE DO MORE ALONG THE DIRECTIONS

ENVISIONED BY [DMR76]? THE QUEST IS OPEN...

It may be rewarding to:

o translate back, into number theory, decidability results
regarding fragments of set theory;

@ mimic the proofs of DPR and of DPRM directly inside set
theory ( possibly making the techniques more transparent ).
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CAN WE DO MORE ALONG THE DIRECTIONS

ENVISIONED BY [DMR76]? THE QUEST IS OPEN...

It may be rewarding to:

o translate back, into number theory, decidability results
regarding fragments of set theory;

@ mimic the proofs of DPR and of DPRM directly inside set
theory ( possibly making the techniques more transparent ).

QUESTIONS?
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REPLACEABILITY OF SINGLETON BY MEMBERSHIP

In light of Kuratowski's definition of the ordered pair, the members
of the Cartesian product y x z are precisely the sets of the form

{th{t,t'}}, with tey and t'€z .

Hence—as we postulate that € does not form cycles—the
equivalences

s={t} & EidEIp(tEsEdepe dxd&ted&sEp),
s={t} & dd (tESGd €d®d&t€d&5€d®d)
hold: they enable us to replace every equation of the form s = {1t}
appearing in A by a constraint conjoining either:
e one eq'n of the form w = d x d with 6 membership literals; or

@ one eq'n of the form w = d ® d with 5 membership literals.
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THE PEG SOLITAIRE PUZZLE

[ ] [ ] [ ]
Moves :
[ ] [ ] [ ]
[ X Ne) > ooce
[ ] [ ] [ ) [ ] [}
cee > ® OO
[ ] [ ] o) [ ] [}
[ ] o) o) [ ]
[ ] [ ] [ ) [} [}
[ ] > (0] [ ) ~ o)
[ ] [ ] [ ]
[e) [ ] [ ) @)
[ ] [ ] [ ]
1 2 3
5

7 8|9 10 11|12 13
14 15|16 33 17|18 19
20 21|22 23 24|25 26
27 28 29
30 31 32

FIGURE: The Solo Noble gameboard and a numbering of its holes
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... HOW TO SPECIFY THE PEG SOLITAIRE PUZZLE

Below is an MLS description of the moves y;1, yio, vi3
(i=1,...,31) by which one can solve the classic puzzle
portrayed above:

x1={ny,...,m} & x3p={m}

& /\?n2:1 (Xm+1 = Xm \{}’mla}/m2 U {)/m3}
& Ym3 & Xm &{ley{}/mZ }>}’m3} €EZ&Nmt1 = Ny U{nm})
& z={{m,{m} ns}, ..., {me,{n33}, mz}, ..., {ns0, {n31}, ns},
{m,{na}yno}, ..., {mo,{n3s}y ms}, ..., {noa, (o}, n32} }

& n={a}.
Here the x,,'s represent the successive configurations of the
gameboard, the np,'s represent consecutive natural numbers, and
z encodes the set of triples of adjacent holes on the board, from

which each move must be selected. The condition x3> ={n;}
expresses the goal of ending with exactly one hole occupied.
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